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Abstract. As an application of Turán sieve, we give upper bounds for the number of elliptic
curves defined over Q(T ) in some families having positive rank, obtaining in particular that
these form a subset of density zero. This confirms Cowan’s conjecture [Cow20] in the case
m,n ≤ 2.

1. Introduction

Let E be an elliptic curve defined over Q(T ) given by a Weierstrass equation

(1.1) E : Y 2 = X3 + α2(T )X2 + α4(T )X + α6(T ),

where α2(T ), α4(T ) and α6(T ) are polynomials in, say, Z[T ]. Since E is an elliptic curve, it has
to be non-singular meaning that the discriminant of equation (1.1) is not 0 as a polynomial.
Furthermore, we say that E is iso-trivial if the j-invariant associated to (1.1) is a constant
rational function in Q(T ). The group of Q(T )-rational points of E is finitely generated and
we denote by rE the rank of E(Q(T )). The rank rE is an important arithmetical invariant of
elliptic curves over Q(T ) and is related to several questions in number theory. For example,
Silverman’s specialization theorem asserts that for almost all specializations of T at t ∈ Q, the
rank of the associated elliptic curve defined over Q is at least rE . This has direct consequences
on the study of the distribution of ranks of families of elliptic curves defined over Q, or over
number fields K [Mil06, DHP15, ST95, RS01] and on the research of high rank elliptic curves
[Mes91, Fer97, ALRM07]. The study of the rank, rE , has also some impact on a question in
arithmetic geometry asking whether the set of Q-rational points of equation (1.1) seen as an
hypersurface in the three dimensional affine space over Q is Zariski-dense. The question is
positively answered whenever rE > 0, and if rE = 0 a sufficient criterion consists in showing
that there exist infinitely many specializations of T at t ∈ Q such that the rank of the
corresponding curve over Q is positive (see [Maz92] and recent works by J. Desjardins on
the subject, [Des19a, Des18]). Under the parity conjecture this can be done, for example, by
studying the behavior of the root numbers of the specializations.

In a recent work [Cow20], Cowan considered the typical value of rE , giving an heuristic
argument suggesting that for most natural families of elliptic curves over Q(T ) the rank rE
is zero for almost all member of the family. More specifically, letting ‖P‖ be the absolute
height1 of a polynomial P ∈ Z[X] (i.e. the maximum of the absolute values of the coefficients
of P ), and writing for any m,n,H ∈ N

Sm,n := {E | α2 = 0, deg(α4) ≤ m, deg(α6) ≤ n, E non-singular},
Sm,n(H) := {E ∈ Fm,n | ‖α4‖ < H3, ‖α6‖ < H2},

he made the following conjecture.
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1Cowan stated the conjecture for the Mahler measure µ, mentioning that one could also choose the height

instead. By the inequalities
(

n
[n/2]

)−1‖P‖ ≤ µ(P ) ≤
√
n+ 1‖P‖ for P of degree n (see [BG06, Lemma 1.6.7])

the two choices are equivalent.
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Conjecture 1. Let m,n ∈ N. Then, as H →∞ we have

lim
H→∞

1

]Sm,n(H)

∑
E∈Sm,n(H)

rE = 0.(1.2)

In particular,

lim
H→∞

]{E ∈ Sm,n(H) | rE ≥ 1}
]Sm,n(H)

= 0,(1.3)

that is almost all elliptic curves defined over Q(T ) have rank zero.

Notice that this conjecture is in contrast with what is expected to hold for elliptic curves
over Q. Indeed, considerations on the root numbers lead to the belief that for most natural
families of elliptic curves over Q one has that 50% of the curves have rank 1 and 50% have
rank 0. See for example [Gol79] for the case of quadratic twists and see [BDD18] for the study
of some exceptional families.

In this note we use the results of [BBD21] to prove Cowan’s conjecture in the case m,n ≤ 2.
Notice that in this case the elliptic surfaces defined by (1.1) over P1

Q are all rational elliptic

surfaces since deg(αi) ≤ i and, with m,n ≤ 2, the discriminant of E can not be a constant
time the twelfth power of a degree one polynomial (cf. [SS10]). Rational elliptic surfaces over
P1
Q are the ones with a geometric genus, gE , equal to zero leading to the simplest geometry

and an easier control of the Mordell-Weil rank over Q(T ) of the associated elliptic curve. More
precisely, we obtain the following result.

Theorem 1. Conjecture 1 holds for 1 ≤ m,n ≤ 2.

We also consider the problem for other families of elliptic curves over Q(T ), where α2 is not
required to be zero. In the case of deg(αi) ≤ 2 for i = 2, 4, 6, we can rewrite the right hand
side of (1.1) as a polynomial in T , writing E = EA,B,C as

EA,B,C : Y 2 = A(X)T 2 +B(X)T + C(X)(1.4)

where A(X), B(X) and C(X)−X3 are polynomials in Z[X] of degree ≤ 2. For P1, . . . , Pn ∈
Z[X] we let ‖P1, . . . , Pn‖ := max(‖P1‖, . . . , ‖Pn‖). We shall consider the following 3 families,
the last one being different from S2,2(H) only for the different ordering.2

S0(H) := {EA,B,C | A = 0, deg(B), deg(C −X3) ≤ 2, ‖B,C‖ ≤ H, E non-singular},
S�(H) := {EA2,B,C | deg(A) = 0, deg(B), deg(C −X3) ≤ 2, ‖A,B,C‖ ≤ H, E non-singular},
S`(H) := {EA,B,C | deg(A),deg(B), deg(C −X3) ≤ 1, ‖A,B,C‖ ≤ H, E non-singular}.

Notice that the case S0 corresponds to elliptic curves defined by (1.1) with deg(α2) ≤ 1,
deg(α4) ≤ 1 and deg(α6) ≤ 1. The case S� corresponds to (1.1) with deg(α2) ≤ 1, deg(α4) ≤ 1
and α6 of degree 2 with a square leading coefficient. Finally, the case S` corresponds to (1.1)
with α2(T ) = 0 and degα4(T ) ≤ 2, degα6(T ) ≤ 2. The elliptic curves in all of these families
have rank bounded by 5 over Q(T ) (cf. [BBD21]) whenever the elliptic curve is non-isotrivial.
In our case (degA,degB ≤ 2), it is not difficult to see that EA,B,C is iso-trivial if and only
if A = B = 0 (this is not true in general for elliptic curves over Q(T )). In particular, the
contribution of isotrivial cases can be easily bounded by [BS15] (see Section 3) and we have
that the analogous of (1.2) and (1.3) are equivalent in our case.

Also for these families we can show that almost all elliptic curves have rank zero over Q(T ).

2It would be possible to use alternative orderings also for these families.
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Theorem 2. For any ∗ ∈ {0,�, `} let R∗(H) := {EA,B,C ∈ S∗(H) | rEA,B,C
≥ 1}. Then,

lim
H→∞

]R∗(H)

]S∗(H)
= 0.(1.5)

Remark 1. Our method is based on a simple application of the Turán sieve and actually gives
quantitative bounds. In particular for Theorem 2 we show that

]R∗(H)

]S∗(H)
= O(H−1/3(logH log logH)2/3).

The application of an Hilbert’s irreducibility argument could have been an alternative tool for
proving the main theorem. In particular, the result Castillo and Dietmann ([CD17]) should
very likely produce a better error term.

Remark 2. One of the key ingredient is Theorem 3, which is not expected to generalize to the
case of α2, α4 and α6 with degree large enough, in particular whenever the underlying elliptic
surface is a K3 surface. However, it seems natural to expect a zero density result in this case
too, as explained by Cowan ([Cow20]).

Remark 3. Note that, during the refereeing process of this paper, Remke Kloosterman ([Klo22])
announced the proof of the full Cowan’s conjecture (and a generalization of it) by a different
method.

Conjecture 1 and Theorems 1 and 2 suggest that the rank over Q(T ) of elliptic curves is
typically expected to be zero. Thus, the study of the Zariski density of Q-rational points of
(1.1) seen in the affine three space cannot, in general, be addressed by rank considerations
only. However, in general the root number should be, under the Chowla and squarefree
conjectures, equidistributed and hence there should exist infinitely many specializations with
rank ≥ 1 over Q, implying (conditionally) the Zariski density (see [Hel09, Des19b]). This
strategy does not apply whenever the root number is not equidistributed: this happens to
be the case for potentially parity biased families as studied in [BDD18], where it is proved
that there are essentially 6 different classes of such non-isotrivial families of the form (1.1)
with deg(α2),deg(α4), deg(α6) ≤ 2. Among those 6 classes, two correspond to the families
considered in this paper. These are

E : wY 2 = X3 + 3TX2 + 3sX + sT (∗ = 0)

G : Y 2 = X3 + 3TX2 + 3TX + T 2 (∗ = �)

It is proved unconditionally in [Des18] that the family G has infinitely many integer special-
izations with negative root number. In [CD20], the authors investigate, in particular, the
situation given by (sub)-families of E and describe the possibilities to have families with con-
stant root number.

The organization of the paper is the following. In Section 2 we give some lemmas which we will
need in the proofs. Among these, we mention in particular the main ingredient, Theorem 3,
that we deduce directly from [BBD21] and which shows that it suffices to bound the number
of reducible polynomials in certain sets. In Section 3, we prove Theorem 2 by showing how to
obtain such bounds as a consequence of the Turán sieve. In Section 4 we show how the same
proof can be adapted (and in fact simplified) to prove Theorem 1.

Acknowledgments. We wish to thank the anonymous referee for useful suggestions, and in
particular for pointing out the paper Castillo and Dietmann [CD17].

The first and the last authors are supported by the French “Investissements d’Avenir” pro-
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2. Preliminaries

We start with the following standard application of the Turán sieve. We include a proof for
the sake of completeness.

Lemma 1. Let f(a1, · · · , an, X) ∈ Z[a1, · · · , an][X] with n > 1. Let P be a set of primes such
that P ∩ [1, x] ∼ C x

log x as x → ∞ for some C > 0. Assume there exists δ > 0 such that for

all p ∈ P the set

Ap = {(a1, · · · , an) ∈ Fnp | f(a1, · · · , an, X) is irreducible in Fp[X]}

satisfies ]Ap = pn

δ +O(pn−1) as p→∞. Finally, for H = (H1, . . . ,Hn) ∈ Rn>0, let

B(H) := {(a1, · · · , an) ∈ Zn | |ai| ≤ Hi ∀i and f(a1, · · · , an, X) is reducible in Q[X]}.
Then, letting H := min(H1, . . . ,Hn), as H →∞ we have

]B(H)� H1 · · ·Hn ·H−1/3(logH log logH)2/3.

Proof. For all p ∈ P, we define

Ap(H) = {(a1, · · · , an) ∈ Zn | |ai| ≤ Hi ∀i and f(a1, · · · , an, X) is irreducible in Fp[X]}.
Let X := H1 · · ·Hn. If p ≤ H, p ∈ P, then we have

]Ap(H) =
X

pn

(
1 +O

( p
H

))
]Ap =

X

δ
+O

(
X

p

)
+O(pX/H) =

X

δ
+Rp,

say. Moreover, by the Chinese Remainder Theorem, if p, q ∈ P satisfy p, q ≤ H1/2, then

](Ap(H) ∩ Aq(H)) =
X

(pq)n

(
1 +O

(pq
H

))
]Ap]Aq

=
X

δ2
+O

(
X

p

)
+O

(
X

q

)
+O(pqX/H) =

X

δ2
+Rp,q,

say. Now we define

BP,z(H) = {(a1, · · · , an) ∈ Zn | |ai| ≤ Hi ∀i and f(a1, · · · , an, X)

is reducible in Fp[X] for all p ∈ P with p ≤ z}

and we apply Turán’s sieve [CM06, chapter 4], which gives that for z ≤ H1/2

]BP,z(H) ≤ Hn∑
p∈P
p≤z

δ
+

2∑
p∈P
p≤z

δ

∑
p∈P
p≤z

|Rp|+
1(∑

p∈P
p≤z

δ
)2 ∑

p,q∈P
p,q≤z

|Rp,q|

� X
log z

z
+X

log z log log z

z
+ zX/H + z2X/H

� XH−1/3(logH log logH)2/3,

upon choosing z = (H logH log logH)1/3. The lemma then follows since ]B(H) ≤ ]BP,z(H).
�

When applying this lemma to our cases, we will need some results on the number of irre-
ducible polynomials in Fp[x] satisfying certain properties.

Lemma 2. Let q be a prime power. The number of irreducible, monic polynomials of degree
n ≥ 1 is 1

n

∑
d|n µ(d)q

n
d , where µ denotes the Möbius function.
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Proof. See e.g. [Ros02, Corollary of Proposition 2.1]. �

Lemma 3. Let q be an odd prime power. The number of even, irreducible, monic polynomials
of degree n ≥ 4 is 1

n

∑
d|n
d odd

µ(d)(q
n
2d − 1).

Proof. See [Coh68, Theorem 3]. �

Lemma 4. Let q be an odd prime power, a ∈ Fq, and n ≥ 4 even. The number of even,
irreducible, monic polynomials of degree n such that the coefficient of the xn−2 term is a is
1
nq

n/2−1 +O(qn/4).

Proof. By [Coh68, Theorem 2] we have that the set of polynomials satisfying the above con-
ditions is in bijection with

Sa := {P ∈ Fq[x] | P monic irreducible,deg(P ) = n′, Pn′−1 = a, (−1)n
′
P0 non-square mod q},

where n′ = n/2, Pi is the i-th coefficient of P (X) and where we used the fact that the condition

of (−1)n
′
P0 (non-zero) being a non-square modulo q is equivalent to (2, (q−1)/e) = 1 with e the

order of (−1)n
′
P0 modulo q. The lemma then follows since Theorem 2 in [Car52] gives an exact

formula for the cardinality of Sa, implying in particular that |Sa| = 1
nq

n/2−1 +O(qn/4). �

Finally, we give some bounds for the rank which follow immediately from [BBD21]. We
need the following definition

MP1,P2(X) := Res
Y

(P1(Y ), X2 − P2(Y ))

for two polynomials P1, P2 ∈ Z[X], with P2 6= 0, where the resultant is computed with respect
to the variable Y . Also, given a polynomial P ∈ Z[X] \ {0}, we denote by Ω(P ) the number
of irreducible factors of P counted with multiplicity.

Theorem 3. Let EA,B,C as in (1.4) with deg(A), deg(B) ≤ 2 and C monic of degree 3. Also
assume A and B are not both zero. Then rEA,B,C

≤ 5. Moreover,

rEA,B,C
≤


Ω(MB,C)− 1 if A = 0,

Ω(B2 − 4AC)− 1 if A ∈ Z2
6=0, or if A ∈ Z and deg(B) ≤ 1

Ω(MB2−4AC,A)− 1 if deg(A) = 1.

Proof. A formula for the rank valid for deg(A),deg(B), deg(C −X3) ≤ 2 is given in [BBD21,
Theorem 1]. The claimed inequalities then follow easily. We only remark that in the case
A ∈ Z \ Z2 and deg(B) ≤ 1, [BBD21] gives that rEA,B,C

is the number of conjugate classes of

roots ρ of B2 − 4AC such that A is a square in Q(ρ). Since B2 − 4AC has degree 3, then
such a number is zero unless B2 − 4AC has an irreducible factor of degree 2 and the claimed
inequality follows. �

3. Proof of Theorem 2

In this section we prove that (1.5) holds for the three families considered. We remark that
this implies also that the average rank is zero. Indeed, since for A,B not both zero we have
r ≤ 5 by Theorem 3, it is sufficient to bound the contribution from A = B = 0: recall that in
our situation, A = B = 0 correspond exactly to the isotrivial case. These iso-trivial families
are perhaps most naturally excluded from the definition of the average rank. In any case, one
can bound their contribution by [BS15], since for H sufficiently large we have the very crude
bound ∑*

deg(C−X3)≤2
‖C‖≤H

rE0,0,C ≤ 2
∑*

|c0|≤55H3,|c1|≤28H2

rE0,0,X3+c1X+c0
� H5
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which is sufficient for our purposes, where
∑* indicates that singular curves are to be excluded

from the sum.

3.1. The case ∗ = 0. By Theorem 3 it suffices to show that almost all polynomials B,C ∈
Z[X] with deg(B), deg(C − X3) ≤ 2 are such that MB,C is irreducible. We let B(X) =
b2X

2 + b1X + b0 and C(X) = X3 + c2X
2 + c1X + c0. Then,

MB,C(X) = b32X
4 +

(
− 2c0b

3
2 + (c1b1 + 2c2b0)b

2
2 + (−c2b21 − 3b0b1)b2 + b31

)
X2 +

+ c20b
3
2 +

(
− c0c1b1 + (−2c0c2 + c21)b0

)
b22 +

(
c0c2b

2
1 + (−c1c2 + 3c0)b0b1 +

+ (c22 − 2c1)b
2
0

)
b2 + (−c0b31 + c1b0b

2
1 − c2b20b1 + b30).

Given an irreducible U(X) = u4X
4 + u2X

2 + u0 ∈ Fp[X] and a prime p ≥ 5 we need to count
the number NU of (b2, b1, b0, c2, c1, c0) ∈ Fp[x]6 such that MB,C(X) ≡ U(X) mod p, i.e.

b32 ≡ u4,
(−2c0b

3
2 + (c1b1 + 2c2b0)b

2
2 + (−c2b21 − 3b0b1)b2 + b31) ≡ u2,

c20b
3
2+
(
−c0c1b1+(−2c0c2+c21)b0

)
b22+

(
c0c2b

2
1+(−c1c2+3c0)b0b1+

+ (c22 − 2c1)b
2
0

)
b2 + (−c0b31 + c1b0b

2
1 − c2b20b1 + b30).

≡ u0.
(3.1)

It is convenient to assume p ≡ 2 mod 3 so that the cubic map is an automorphism of Fp. If
u4 ≡ 0, then one easily sees that the system has NU = p3 solutions. If u4 6≡ 0, then the first
two equations determine unique values for b2 and c0 respectively. Inserting these values in the
third equation, this reduces to

∆Bb
4
2

(
c1 +

3b21 − 4b1b2c2 + ∆B

4b22

)2

≡ ∆̃U ,

where ∆B := b21 − 4b0b2 and ∆̃U := u22 − 4u0u4 and for some (non-zero) b2 determined by u4.

Since ∆̃U 6≡ 0, this equation has two solutions in c1 if ∆̃U∆B is a non-zero square modulo p
and no solutions otherwise. Denoting the Legendre symbol by ( ··) we obtain

NU =
∑

b0,b1,c2 mod p

((
∆2
B

p

)
+

(
∆̃U∆B

p

))
= p

∑
b0,b1 mod p

((
∆2
B

p

)
+

(
∆̃U∆B

p

))
= p3 − p2.

Thus, letting Ap := {(b2, b1, b0, c2, c1, c0) ∈ F6
p |MB,C(X) is irreducible in Fp[X]}, we have

]Ap =
∑

U∈Fp[X],degU≤4
U even, irreducible

NU =
∑

U∈Fp[X],degU=4
U even, irreducible

p3 +O(p5),=
p6

4
+O(p5)

by Lemma 3. Thus, we obtain the theorem in the case ∗ = 0 (and error as given in Remark 1)
by applying Lemma 1 with P = {p ≡ 2 mod 3} (so that C = 1/2) and H1 = · · · = H6 = H.

3.2. The case ∗ = �. By Theorem 3 it suffices to show that almost all polynomials A ∈ Z,
B,C ∈ Z[X] with deg(B), deg(C −X3) ≤ 2 are such that B2− 4A2C is irreducible. We let B
and C as in the previous subsection and A = k. We have

B(X)2 − 4A2C(X) = b22X
4 + (2b1b2 − 4k2)X3 + (2b0b2 + (b21 − 4k2c2))X

2 +

+ (2b0b1 − 4k2c1)X + (b20 − 4k2c0).
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Given a prime p ≥ 3 and any U(X) = u4X
4 + · · · + u0 ∈ Fp[X] irreducible, we need to find

the number of solutions Np to B2 − 4A2C ≡ U, i.e. the number of solutions to

b22 ≡ u4,
2b1b2 − 4k2 ≡ u3,
2b0b2 + (b21 − 4k2c2) ≡ u2,
2b0b1 − 4k2c1 ≡ u1,
b20 − 4k2c0 ≡ u0.

(3.2)

First notice that we can assume k 6≡ 0 since otherwise B2 − 4k2C cannot be irreducible.
If u4 ≡ 0, we have b2 ≡ 0 and we then obtain (1 + (u3p )) choices for k. Choosing among

the p2 possibilities for the couple (b1, b0) the remaining variables c2, c1 and c0 are uniquely
determined and thus NU = (1 + (u3p ))p2.

If u4 6≡ 0, we have (1 + (u4p )) choices for b2. Each of these give (1 + (2b1b2−u3p )) possible

choices for k. Since c2, c1 and c0 are uniquely determined by the other variables we thus
obtain

Np =
∑

b1,b2 mod p

(
1 +

(
u4
p

))(
1 +

(
2b1b2 − u3

p

))
=

(
1 +

(
u4
p

))(
p2 − p+ p

(
−u3
p

))
.

Thus, for Ap := {(k, b2, b1, b0, c2, c1, c0) ∈ F7
p | B2 − 4A2C is irreducible in Fp[X]} we have

]Ap =
∑

U∈Fp[X] irreducible
degU≤4

NU =
∑

U∈Fp[X] irreducible
degU=4

(
1 +

(
u4
p

))
p+O(p6)

= p2
∑

U∈Fp[X] irreducible
degU=4

1 +O(p6) =
p7

4
+O(p6),

by Lemma 2. The theorem in this case then follows as before.

Remark 4. It would be interesting to have the result also in the case with A in place of A2.
In this case the rank is the number of conjugate classes of roots ρ of B2− 4AC such that A is
a square in Q(ρ). In order to show this number is typically zero one would need to prove that
the resolvent cubic of B2 − 4kC is almost always irreducible.

3.3. The case ∗ = `. By Theorem 3 it suffices to show that almost all polynomials A,B,C ∈
Z[X] with deg(A), deg(B),deg(C −X3) ≤ 1 are such that MB2−4AC,A is irreducible. We let

A(X) = a1x + a0, B(X) = b1X + b0 and C(X) = X3 + c1X + c0. If a1 6≡ 0, which we can
assume at a cost of an admissible error, then

a−11 MB2−4AC,A(X) = −4X8 + 12a0X
6 + (−12a20 + a1b

2
1 − 4a21c1)X

4 + (4a30 + 2a21b0b1+

− 2a0a1b
2
1 − 4a31c0 + 4a0a

2
1c1)X

2 + (a31b
2
0 − 2a0a

2
1b0b1 + a20a1b

2
1).

Let p ≥ 5 be prime and U(X) = −4X8 + u6X
6 + · · · + u2X

2 + u0 ∈ Fp[X] be even and

irreducible. We have that a−11 MB2−4AC,A ≡ U is equivalent to
a0 ≡ u6/12,

−12a20 + a1b
2
1 − 4a21c1 ≡ u4,

4a30 + 2a21b0b1 − 2a0a1b
2
1 − 4a31c0 + 4a0a

2
1c1 ≡ u2,

a31b
2
0 − 2a0a

2
1b0b1 + a20a1b

2
1 ≡ u0.

(3.3)
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Notice that we can’t have a1 ≡ 0 since the last equation would imply u0 ≡ 0 which is not
possible since U is irreducible. We then solve the second equation in c1 inserting the result in
the last two equations reducing them to{

c0 ≡ 4(432a21b0b1 − 216u2 − 18a1b
2
1u6 − 18u4u6 − u36)/(864a31)

(b0 − b1u6/(12a1))
2 ≡ u0/a31.

The second equation implies that u0/a1 is a square modulo p, and so we have (p−1)/2 possible
choices for a1. For each of these and for any choice of b1 we then have two possibilities for
b0, whereas c0 is determined by the remaining variables. It follows that the above system has
p2 − p solutions.

For Ap := {(a0, a1, b0, b1, c0, c1) ∈ F6
p |MB2−4AC,A is irreducible in Fp[X]} we then have

]Ap = p2
∑

U∈Fp[X], degU=8,
U monic, even, irreducible

NU +O(p5) =
p6

8
+O(p5)

by Lemma 3. The theorem in this case then follows as before.

4. Proof of Theorem 1

First, we observe that by the same argument given at the beginning of the previous section
(which is not wasteful in this case), it suffices to prove (1.3).

The case of m = n = 2 is essentially identical to the case ∗ = ` with the only difference of the
different ordering which can be accounted for by choosing appropriately the Hi in Lemma 1.

The case of m = n = 1 corresponds to elliptic curves with A = 0, deg(B) ≤ 1, deg(C−x3) ≤
1. This is a simpler version of the case ∗ = 0 as now we have c2 = b2 = 0 (and thus U has
degree ≤ 2). Then, (3.1) reduces to{

b31 ≡ u2,

−c0b31 + c1b0b
2
1 + b30 ≡ u0.

and one immediately sees that this system has p2 solutions if 5 ≤ p ≡ 2 mod 3. There are
1
2p

2 +O(p) irreducible even quadratic polynomials U , since there are (p− 1)/2 squares in Fp,
and so MB,C is irreducible mod p for p4/2 + O(p3) choices of the parameters modulo p. The
result then follows by Lemma 1.

The case of m = 1, n = 2 corresponds to elliptic curves with deg(A) = 0, deg(B) ≤ 1,
deg(C − x3) ≤ 1, which is very similar to the case ∗ = �, with the difference that now we
have A in place of A2 (and thus k in place of k2) and c2 = b2 = 0 (and thus U has degree
≤ 3). Thus, (3.2) becomes 

−4k ≡ u3,
b21 ≡ u2,
2b0b1 − 4kc1 ≡ u1,
b20 − 4kc0 ≡ u0.

This system has (1 + (u2p ))p solutions if u3 6≡ 0, O(p2) solutions if u3 ≡ 0 and 4u0u2 ≡ u21,

and O(p) solutions if u3 ≡ 0 and 4u0u2 6≡ u21. It follows that the number of choices of the
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parameters such that B2 − 4AC is irreducible modulo p is∑
U∈Fp[X] irred.

degU≤4

(
1 +

(
u3
p

))
p+O(p5) =

∑
u4 mod p

∑
U∈Fp[X] irred. monic

degU=4

(
1 +

(
u3u4
p

))
p+O(p5)

=
p6

4
+O(p5)

and the result follows.
Finally, the case of m = 2, n = 1 corresponds to elliptic curves with A(X) = aX, a ∈ Z,

deg(B) ≤ 1, deg(C − x3) ≤ 1. This is analogous to the case ∗ = `, with the difference that
now we have a0 = 0. Thus, for U(X) = −4X8 +u6X

6 + · · ·+u0 ∈ Fp[X] even and irreducible,
the system (3.3) becomes 

0 ≡ u6,
a1b

2
1 − 4a21c1 ≡ u4,

2a21b0b1 − 4a31c0 ≡ u2,
a31b

2
0 ≡ u0.

If u6 ≡ 0 and 5 ≤ p ≡ 2 mod 3 this has p2 − p solutions. By Lemma 4 we then have that
MB2−4AC,A is irreducible for 1

8p
5 +O(p4) choices of the parameters and the result follows.
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