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Abstract. — We obtain averages of specific functions defined over (isomorphism
classes) of some type of finite abelian groups. These averages are concerned with
miscellaneous questions about the p’-ranks of these groups. We apply a classical
heuristic principle to deduce from the averages precise predictions for the behavior
of class groups of number fields and of Tate-Shafarevich groups of elliptic curves.
Furthermore, the computations of these averages, which comes with an algebraic
aspect, can also be reinterpreted with a combinatorial point of view. This allows us
to recover and to obtain some combinatorial identities and to propose for them a
natural algebraic context.

1. Introduction and notations

This article is concerned with the averages, in some sense, of functions defined over
finite abelian groups and groups of type S. A finite abelian group G is called a group
of type S if it is endowed with a non-degenerate, bilinear, alternating pairing:

B GxG—Q/Z.

A group of type S has the form G = H x H where H is a finite abelian group.
Reciprocally, each group G, of the form H x H has a unique structure of group of type
S up to isomorphisms of such groups (i.e. isomorphisms preserving the underlying
pairings). In particular, if G is a group of type S then | Aut®(G)|, the number of
automorphisms of G that respect the (underlying) pairing 3, does not depend on
(see, for example, [Del01] for these facts). Due to the above, the pairings associated
to groups of type S will never be specified in the sequel.

For the rest of this paper, the letters H, Hy, Hy are used for isomorphism classes
of finite abelian groups and the letter G for isomorphism classes of groups of type S.

Let h be a complex-valued function defined on isomorphism classes of finite abelian
groups and let u > 0. In [CL84], H. Cohen and H. Lenstra defined a certain u-average,
M, (h), of the function h (in particular, if h is the characteristic function of a property
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P, M, (h) is called the u-probability of P).

We write
¢(h, ) Z Z |Aut

where Y H(n) Means that the sum is over all isomorphism classes of finite abelian
groups H of order n. It is proved in [CL84] that if h is non-negative, if ((h,s)
converges for R(s) > 0 and can be continued to a meromorphic function in f(s) > 0
with a unique pole of order at most 1 (the function ((h,s) could be holomorphic in
R(s) = 0) at s =0 then
¢(h, s)

My (h) = }—m ¢(1,s)”
H. Cohen and H. Lenstra introduced such averages as a heuristic model in order to
give predictions for the behavior of the class groups of number fields varying in certain
natural families. In particular, they proved that

1 1
¢(1,s) = ZE z; [ Aut(H)]

te ()

j=1 p prime j2>1

where ((+) is the classical Riemann function. The reason of writing the above equality
as an Euler product is that in general we compute u-averages of functions restricted
to the p-parts of abelian groups and we recover global averages by taking the product
of all the p-components.

The aim of [Del01] was to adapt the Cohen-Lenstra’s model in order to give
predictions for the behavior of Tate-Shafarevich groups of elliptic curves varying in
certain natural families. Recall that, if they are finite (as it is classically conjectured),
Tate-Shafarevich groups are groups of type S. One can define, for u > 0, the u-average
(in the sense of groups of type S), M?(g), for a function g defined on isomorphism
classes of groups of type S. We let

Z uts

YLy -y

n>1 GS( )
where ) s (n) m€ans that the sum is over all 1somorphlsm classes of groups of type
S, G of order n (the sum being empty if n is not a square). We have from [Del01],
that if ¢ is non-negative, if (?(g,s — 1) converges for R(s) > 0 and can be continued
to a meromorphic function in R(s) > 0 with a unique pole of order at most 1 (the
function ¢*(g, s — 1) could be holomorphic in £(s) > 0) at s = 0 then

s Cs(gas B 1) (1)
Mu( ) - sh~>u Cs(l s — 1)

(DThe reason of taking “s — 17 instead of s is explained in [Del01]. See also [Del07] for a precision
of the heuristics for Tate-Shafarevich groups of elliptic curves of rank > 0.
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It can be proved that

; B 1 1
S e 2 e

nz1 G5 (n)

= JIces+2i+10=T]]I <111>

i>1 p 1\~ pTFEFI

As for finite abelian groups, we will speak of the u-probability of P if ¢ is the char-
acteristic function of a property P of groups of type S. It will always be clear in the
context whether we are concerned with average in the sense of finite abelian groups
or in the sense of groups of type S.

Computations of u-averages can be viewed as algebraic interpretations of combinato-
rial identities. In that context, there is a generic tool that can help for going from
u-averages of finite abelian groups to u-averages of groups of type S. Indeed, let p be
a prime and assume that H and G are in fact p-groups (i.e. the order of H and G are
a p-power). If |[H| = p™ and

(1) H~ (Z/p2)™ @ (2/p*2)™ @ - & (Z/p*Z)™

where Ay + 23 + - - - 4+ sA; = n is a partition of n, then, we denote p1, s, ..., s by
po= Attt A
M2 = )\2 + -+ )\s;
Ls = g

Thus, we also have py + pg + - - - + s = n and the number of automorphisms of H is
given by (see for example [Hal38])

| Aut(H)| = pHitus+tul H <1> ,
1<i<s P/

:
where (¢), is defined by
(@)a=1-¢)(1=¢*)---(1—¢% witha €N,
Now, if G ~ H x H is a group of type S, we have
| Aut?(@)] = gD T (1) _
1)< A

Whenever a certain equality involving | Aut(H)| holds, we can usually consider it as
a formal identity in the variable ¢ = 1/p. To obtain the analogue for p-groups of type
S (and involving | Aut®(G)|), one can apply, at convenient step, the following rule:
first substitute p? for p and then multiply by p™: we will use roughly this rule several
times in this paper even if not explicitly mentioned.
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The p’-rank, rpe(H), of a finite abelian group H is the number of cyclic com-
ponents of H of order divisible by p’. It is defined by

rpe(H) = dimZ/pZ(pele/sz).

P
With the decomposition (1), it is not difficult to see that

Tpe (H) = Mg.
Furthermore, if G ~ H x H is a group of type S then
rpe(G) = 21y (H) = 2p1y.

The first goal of this paper is to obtain some u-averages for finite abelian groups and
for groups of type S. These u-averages are concerned with several questions related
to pf-ranks. The first part deals with the u-average of the number of p‘-torsion ele-
ments. We apply the heuristic principle to give predictions for the average number of
p’~torsion elements in class groups of number fields and in Tate-Shafarevich groups of
elliptic curves of rank 0 and 1 in natural families. These computations were motivated
by questions of M. Bhargava (see the works of M. Bhargava and A. Shankar [BS10b],
[BS10a]). In the second part, we study related questions about the probability laws
of p’-ranks. This is done by generalizing and adapting a work of H. Cohen [Coh85].
Both in the first and second part, our calculations are, in fact, closed to some combi-
natorial questions and we investigate a little bit this observation. We recover, obtain
or use some combinatorial identities and our work gives, in a way, a natural algebraic
context for them.

2. Average number of p’-torsion elements

Let (\) a partition of n. By this we mean that (\) = (A1, A2,...) and that we have
n =X 42X\ + -+ s\s where s = s(}\) is the largest integer with As # 0. Then, we
define (p;)1<j<s by w5 = D_j—; M- Let H be the finite abelian p-group of order p”
associated to this partition (\):

H = (2/p2)™ @ (2/p*2)™ & - & (Z/p°L)™ .

Let T; be the function defined by T,(H) = |H[p’]| = |[{z € H: p’z = 0}/, so that
Ty(H) is the number of p’~torsion elements of H. We can easily see, with the notations
above, that we have

To(H) = ptathetFhe — pr(H)-‘r?"pz(H)+"'+7"p/z(H).

2.1. The classical weight. — We begin this part with the following lemma:
Lemma 1. — Let ¢ be a positive integer with £ < n, we have
Z T,@(H)-T(,l(H) _ 1
| Aut(H)| Pt (1/p)ye

H(pm)
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Proof. — The proof of the lemma is an adaptation of the proof of the Theorem 6.4
of [CL84]. For H; and H, two finite abelian groups, we denote by Hom;,;(Hy, H2)
the subset of injective homomorphisms in Hom(Hy, Hz). If £ < n, we have

A A As
Hp'| =~ (Z/pD)™ ®--- & (Z/p'Z)" @ (Z/p'2)"" & ---© (Z/p'Z)
Ao
(@pe e e @p )" ) o @)
On the one hand, if we denote by ord(x) the order of a group element x, we have

| Homini (Z/p'Z, HP'))| = Ha € (Z/p'Z)" ,ord(z) = p'}| x phrH-TE-Dhm

B I R s Y
pﬂl

= p#1+“'+#z <1 _ 1)
pH'Z

= Ty(H) - To_y(H).

The second equality comes from the fact that the number of elements of order p’ in
(Z/p*Z)" is p**(1 — 1/p”). On the other hand,

| Homiwi (Z/p"Z, Hp'])| = |Homini(Z/p"Z, H)|
= |Awt(Z/p'Z)| - |{H, subgroup of H, Hy ~ Z/p'Z}|.
Finally, Proposition 4.1 of [CL84] gives

|{H; subgroup of H, Hy ~ Z/p'Z}| 1
Aut(Z/p'Z =
AERE] 2 [ Aui(H) )

1

We deduce from the lemma:

Theorem 2. — For ﬁm'te abelian groups, we have
1
241
S Y A e[ <,
n>0  H(pn) 320 P

and for groups of type S

2n T(G 22(041) 1
Zl’ Z A1ft(5(é')|:<1_ pttl )Hl 22 (Jz| < 1).

n=0 GS (p2n) | j=0 7~ pFl

Proof. — We prove the theorem by induction on ¢. For ¢ = 0, we have ([CL&84])

»(1/p)"
2" ) |Aut =2 " W

n>0  H(pm) n>0

and the results come from the following formal identity due to Euler:
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Writing Ty = (Ty — Ty—1) + Ty—1 and using an induction argument, we have

T,(H 1/p)™ _ 1
an Z lAfﬂ(Z(I}N - xézxnglfiin_(l—‘rm—'_.“—'_xe 1)H1 Z

n>=0  H(p") n>=0 j>1 P’
1
= [[—=0+a++a9,
i1 =

which is exactly the result required for finite abelian groups. For groups of type S,
we substitute p by p? and then z by 22 /p. O

We deduce from the theorem that we have

1 1 1
Ty, s) = ((1,s) <1+p“’+pg“’++p“>’§ﬁ(5)>0’
(T, = (° 1 ! L ! R 1
CTes) = C(Ls) +W+W+”'+W R(s) > -1,

where Ty(H) (resp. Ty(G)) is the number of p‘-torsion elements in (the p-part of) H
(resp. G). So,

Corollary 3. — For finite abelian groups, the u-average of the number of p’-torsion
elements is

1 1
My(To) =1+ — + -+ —.
p p
For groups of type S, the u-average of the number of p*-torsion elements is
1 1
B P — PR —
M (Tr) =1+ Pl +o P

We now apply the heuristic argument for Tate-Shafarevich groups of elliptic curves.
Let € be some “natural” family of rank O elliptic curves E and suppose that the
behavior of the p-part of III(F) is not biased for this family. The average number of
p’-torsion elements in II1(E) should be

L4+p+p*4---+p

Recently, M. Bhargava and A. Shankar ([BS10b], [BS10a]) obtained results on the
Selmer groups of elliptic curves that give, in particular, very strong evidence towards
the previous prediction for the family of all rank 0 elliptic curves. Our prediction
also implies that the average number of elements in III(E) of order exactly n should
be n (since, by the heuristic principle, the p-parts should behave independently). In
their work, M. Bhargava and A. Shankar obtained the same prediction with a totally
different approach. One can also find in [PR10] some general theoretical results on
Selmer groups.

For a family of rank 1 elliptic curves, the average should be

(2) LT
P pt
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Of course we can deduce similar conjectures for the p-part of class groups of quadratic
fields for p # 2 (to our knowledge these predictions have not been done before). This
implies that for a prime p > 3 the average number of p’~torsion elements in the class
groups of imaginary quadratic fields should be /+1. In the case of real quadratic fields,
the average number of p’-torsion elements in the class groups should be 14+ 2+ -+ ﬁ
exactly as in equation (2) (just due to the fact that u = 2u — 1 if and only if u = 1).

As explained in the introduction, Theorem 2 can been seen as a formal identity
(letting ¢ = 1/p) and then we deduce the following corollary:

Corollary 4. — We have

quf+u§+“‘+ug—(m+~~+w) 1

' = A4z+ -+
Zx Z (@~ (@), _l—Ill_xqj 1+x+---+2°

n>0  (\)=n iz

where 3y, means that the sum is over all partitions (\) of n.
Using the substitution x — xq and ¢ + 1 — ¢, one can re-write the identity above
as
1
3 = . (1 — (zq)"
3 > Dre (D jl:[ll_xqj (1= (zq)")

() >

e U U TR S

where the sum is over all partitions A (and where s = s(\) depends on the partition).
This equality should be compared with an identity due to Andrews ([AndT74]).
Letting k£ > 2 and 1 < ¢ < k be fixed integers, we define the series Qg ¢(x) by

_ nmkn
Quis@) = 3 Y

n>=0 (q)” Hj2n+1(1 - xqj)

2k+1)n(n+l
q%—f’n(l _ qu(2n+1)é)

In particular, for z = 1, Jacobi’s identity gives

Qake(1) = II (1—-¢")"
n>1
n#Z0,£¢ mod 2k+1

We can now state the results of Andrews ([And74, Theorem 1 and equation 2.5]):

Theorem 5 (Andrews). — With the notations above:
R R i e T T
(4) = Qq.ke(7).
% (q)/\l (q)/\1 e (Q)As !
s(A)<k—1

Equation (4) with z = 1 and the product formula are known as the full Andrews-
Gordon identities. They are very famous and deep combinatorial generalizations of
the Rogers-Ramanujan identities which are equation (4) for k =2, ¢ =1,2, z =1
and the product formula (see also [And98]). We remark that through equation (3)
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we have in fact proved, with a completely algebraic aspect, Andrews’s identity in the
very special (and easier) case k = oo since

Qqeoe(z) = I ]

j=z1

1
1—zqi

(1 — (2q)").

Note that we could have directly obtained Theorem 2 using it. Nevertheless, we
focus on the fact that our approach gives a natural algebraic interpretation of these
identities.

2.2. The weight w;. — This part is just concerned with the combinatorial as-
pects of u-averages and not with consequences on the the heuristics. In their article,
Cohen and Lenstra defined in fact a more general (k,u)-average in which the weight
1/| Aut(H)| has to be replaced by

1
we(H) = |{surjective homomorphisms Z* — H}| (5)k 1
M |H|F| Aut H| - (; | Aut G|’

p)kfrp(H)

with the convention that (1/p), = 0 whenever a < 0. Of course, one immediately

sees that

1
I H=— .
Jm wn(H) = et

Duplicating the proof of Lemma 1, we obtain that for k,n two positive integers and
for £ € N with 1 < ¢ < n we have

R,

( F)\p)iina?

wi(H)(Ty(H) — Ty (H)) = ~—
H%:") ' Z e (%)kfl (%)nff

Furthermore, for £ = 1:

k
an Z Tl(H)wk(H) = (1+(1 —pik>x) Hl 1&_'

n>0  H(p") j=1 Pl

Hence, an induction argument gives:

Proposition 6. — For k,{ > 1, we have

k x_
an Z TE(H)wk(H):]]:[ll_l:I; 1_1;; pF

n>0  H(p") p

From this formula we could easily recover the Dirichlet series that would be asso-
ciated to Ty and wy(H). Letting ¢ = 1/p, x < zq and substituting ¢ for £ + 1, we
obtain:
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Corollary 7. — We have the following formal identity

(5) Z(

()

i<k

(q)kx/»b1+u2+~-+,us

Q)kﬂu H1<j<s(Q)/\j

Ut e e s

k
1 0, L k+1 £ k+¢
7=0

We recall that, in the formula above, s = s(\) depends on .

Of course, letting k& — oo, we recover equation (3). Now, if we let £ — oo in
equation (5) we obtain exactly one of Hall’s formula ([Hal38]). Hence, equation (5)
(which seems to be previously unknown) can be seen as one of its generalization. One
could probably obtain equation (5) with some classical combinatorial tools, however,
as before, our equation occurs naturally in an algebraic way. In an other direc-
tion, Stembridge ([Ste90]) gave some refinements of Hall’s formula (mainly with s())
bounded by a fixed m but still with £ = 00), which allowed him to recover Andrews’
identity in the case ¢ = 1 for all k (note that the cases £ = 1 and £ = oo are closely
related), and therefore the Rogers-Ramanujan identities. Stembridge’s method uses
also some algebraic aspects but with a different approach. It should be interesting to
obtain a Hall like formula with general ¢ through Stembridge’s approach (i.e. with £
and s(A) bounded).

3. Probabilities on p‘-ranks

The first aim of this section is to compute the probability laws of p-ranks of finite
abelian groups and groups of type S. More precisely, let k£ > 1, £ > 0 be two integers.
Having fixed £ 4+ 1 non-negative integers ry > rpy1 = - -+ 2 rg4¢ we are interested in
the u-probability (and related questions) that a p-group H (resp. a p-group of type
S, G) satisfies

Tpeti (H) = gy (vesp. rpei (G) = 2rpy ;) forall 0 < j < L.

We remark that the case £ = 0 gives the probability laws for the pF-rank and the
case k = 1 gives the probability that a group has its p’-ranks fixed for all 1 < j < 4.
As this is a generalization and an adaptation of Theorem 2.4 of [Coh85] (which is
for finite abelian groups and ¢ = 0), we will just give the main steps of the proof.
We also remark that the formula we are going to give for groups of type S cannot be
obtained directly from [Coh85] and the rule given in the introduction. That is one
of the reasons that we keep an indeterminate x all along the computations and need
to use the full general Andrew’s identity.

For convenience, we use the following notation: if H is a finite abelian group
of order p", we write n = e(H).
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Suppose H is a p-group with 7.+, (H) = 74 for 0 < j < £. Then, we can write
H ~ H1 X HQ, with

H~ & @pon
1<i<k+0-1
where the \; are subject to certain conditions and
Hy~ P (z/p'z)™
£<i<s

for some s and Ay + App1 + -+ As = Trpe.

For Hi, we first remark that the conditions on the p**J-ranks mean that Ai, Mg, ...,

Ak—1 are not restricted but that Ag, ..., Agr¢ have to be be fixed by the following ¢
equations:
Ak = Tk = Tht1;
Akl = The1 — Th42;
Aktt—1 = Thit—1 — Tkto-
We let (X) be the restricted partition (A) = (Ay,--- , Ap_1) and
pr = At Ao
fk—1 = Ap—1.

Some technical calculations lead to the following equalities

k—1 k+4—1
e(Hi) =Y fij+ > i+ (k=1 —(k+€—1)reg
j=1 j=k
and
k+6—1 k—1 k—1
D=0 A2 ) D it
j=1 Jj=1 j=1
k+0—1 k4+0—1
(k — 1)(T’k — T‘k+g)2 + Z T’? — 2rke Z T+ 67‘]2“_@.
j=k j=k

Furthermore, one can see that
| Aut(H)| = | Aut(Hy)|| Aut(Hy)|p?rety).
We now fix an integer 1 < a < k and we remark that

|H/pa—1H| _ pf’k(a—l)pﬁ1+ﬁ2+"'+ﬁk—1_(ﬁn,+ﬁa,+1+"'+ﬁk71).

Finally, we can state, with the convention that Qg1 ¢(z) = 1:
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Theorem 8. — Letk > 1, ry > rpy1 = -+ 2 rrye be £+ 1 non-negative integers
and 1 <a <k.
For finite abelian groups, we have
H/p*'H
DS |H/p"""H| _
| Aut H|
n=0 H(p™)
Tpk(H)=rk

Tkt (H)="g g

J
r(a—1) Jj=1 p

() TG
p P/,

Thtt =k Ti—Tj41

p

Tk+t T —1 x
krg+reaateoFrere H _
x 1 Q%,k,a p2re—1

For groups of type S, we have

2n IG/p* G|
Z z Z | Auts G| -
n=0 G5 (n?)

7k (G)=2r)

TpktL (G)=2rp 1y

27 (a—1)

Tk+40 2 —1 2
p2(kritripato+reye) | I (1 _ = > Q1. < x >
; 2 k,a —
et p2]+1 P2 p47"k 1

1 k+4—1 1
pQ(kTg+Ti+1+"'+7"i+e) () I | ( )
2 2
p P2/ ri—rin

Tk+e 5=k

p

Proof. — We let
|H /p*~t H |z
(x) := E —_—

| Aut H|
as af{)ove
We have
H H. —2re(Hy
() = e Y (l‘e( D ge(Ha)p2rel )pﬁ1+~~~+ﬁk1—(ﬁa+~~+ﬁk1)>.
2 \TAut(HI At (7)]
as a;bovc
So,
( ) pm((l—l) p_QTe(Hl)xe(Hl)pﬁ1+"‘+ﬁk—l_(ﬁa“!‘“"‘!‘ﬁkfl) Z pe(Hz)
% =
N2 At () < I
ri(a—1)
N

A/p),,.,
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We have used the fact (see [Coh85]) that for a given Hy, the number of J C (p'Z)"
such that Hy ~ Z"/J is equal to |Hz|"(1/p)./| Aut(Hsz)|, and we denoted

—2re(H e(H
S = Z wpﬁl"””‘i’ﬁk—l7(ﬁa+"'+ljk—l);
m | Aut(Hy))|
1
as above
E(Hz)
X
T = E Tt
< |Ha|"
JC(p'Z)"
Ho~77 ) J

Still following [Coh85], we have for T

T = Zp_(er+a)rxer+a Z 1

az0 Jc(ptz)”
[(p°2)" / J|=p"

- Z (p) (1/p)r—1(1/p)a

a>0
= e
177
j=1 p

Finally, we obtain

ri(a—1) pE=Dretretrepito+rete H;’zrl’f(l _ xp_j)_l

(+) = &

(1/p)rk+z Hfiﬁil (1/}7)7«_7. 7rj+1p(k71)ri+ri+ri+l+'"+Ti+z

p*27"k,(#1+'"+Hk71)xlt1+'“+#k71 _

x vt i1~ (fa+ee k1)
) B+t TRl ’
Aty A1 p Hj:l( /p)Ag

and a little calculation gives Theorem 8. O

We are now able to give two direct applications of Theorem 8 related to the computa-
tions of averages and to conjectures on class groups and on Tate-Shafarevich groups
(via the heuristic principle).

3.1. The case ¢ = 0. — This is the original goal of [Coh85] for finite abelian
groups. On the one hand, we recover Theorem 2.4 of [Coh85] (with a slightly different
notation):

n>=1

a1 I (1__#)
oy el e e, () <)
ns | Aut H| (l) T —— pokha \ p2rs—1 ,S)-
e, v/,



AVERAGES OF GROUPS INVOLVING p’-RANK AND COMBINATORIAL IDENTITIES 13

If we let a = 1, then we obtain that the u-probability that a finite abelian group has
pPF-rank equal to r is

1
©) || P (1 - W) 1 ( 1 )
(%) pkr(qur) kol p2r+u_1 .
Note that Q1 , ;(p) = Q1 j (1), which allows us to recover the 0 and 1-probabilities

as a product formula as in [Coh85, Corollary 3.1] (and in fact, with our parameter
x, the formula with a > 1 is useless for the 0 and 1-probability we have in mind).

On the other hand, we have for groups of type S (for simplicity we only give the
Dirichlet function for a = 1)

1

1 1 Hj>r+1 (1 - m) 1 ,

n B Quypn | gt ) C(Ls).

T; n2s G%2) | Aut? G| (p%) ka(?S-‘rQr-‘,—l) P2 0% p4r+25 1
Tpk:Zr T

From the formula, we deduce:

Proposition 9. — For groups of type S, the u-probability that a group of type S has
p*-rank equal to 2r is

[lsri (1 - W) 1
ng kol | ptre2u=3 ) -

1\ o kr(2ut2r—1) Ar+2u—3
>) P

Once again, we apply the heuristic argument for Tate-Shafaverich groups of elliptic
curves. Let € be a “natural” family of rank 0 elliptic curves E such that the behavior
of the p-part of III(E) is not biased. The probability that the p*-rank of II(E) is
equal to 2r should be

H';r+1 1- 2]‘171 1
Po(k,r) = — ( - >Qp12,k,1 (p) :

1) kr(2r—1 dr—3
(), ey

For a family of rank 1 elliptic curves, the probability should be

[Lzria (1= e 1
?1(]{377") = ( ? )ng,k,l <> .

4r—1
(I%)Tpkr@r—&-l) P

The form of the two formulas above (in particular the fact that the powers of p in the
index and in the argument of @) have different parities) suggests that it is probably
hopeless to find a product formula for the u-probabilities related to Tate-Shafarevich
groups (unlike the case of class groups of quadratic fields). Here are few numerical
approximations of values of Po(k,r) and Py (k, ).
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Pi(k,r) | p=2 | p=3 | p=5
P0(2,0) | 0.70837 | 0.87962 | 0.95866
Po(2,1) [ 0.29128 | 0.12036 | 0.04133
P0(2,2) [ 0.00033 [ 107 1077
Po(3,0) | 0.85416 | 0.95987 | 0.99173
Po(3,1) | 0.14582 | 0.04012 | 0.00826
P1(2,0) [ 0.97981 | 0.99846 | 0.99993
P1(2,1) [ 0.02018 | 0.00153 | 10~°
P1(3,0) [ 0.99747 | 0.99994 | 0.99999

3.2. The case k =1. — We must have a = 1. Let us fix £ integers ry > 19 > -+ >
r¢—1 = ¢ = 0. Then Theorem 8 gives

e(H) [T R o oY) T 1
CRND S R — -t
| Aut H| 1 ._1175
Tp(fg:m pritotr (zl)) H <> j=
Tpl(ﬁ)zre " j=1 p Ti—Tj41

It is clear that the factor z71 T +7ep=ri—=77 | Hﬁ:(l/p)rj_mﬂ appears in each term
of the sum in the left hand side. Naturally, this factor also appears in the right hand
side.

Corollary 10. — We have for finite abelian groups

@ IL(5%)

Yoo Y -

i H(n) | AutH| rit i bs(ritetre) (1 7 (? |

> e 1 1
Tp(l'{)'z'l"l pt ‘ (P)re H D)y _r.
TPZ(H)zrf J=1 i+

and for groups of type S

1 1
Z n2s Z | Auts G| -
nzl G%(n?)
rp(G)=2r1

’I”p[ (G):QT@

1
¢*(1,s) H (1 - W)

jzre+l

-1 .
. 2 Y 1
PArEE D) F Qs+ (r1tre) (pi) H(2>
p Ti—Tj+1

Te

We deduce from the previous the u-probability laws:
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Corollary 11. — Let{ 21 andry =219 = -+ =2 19_1 = 14 = 0. For finite abelian
groups, the u-probability that a finite abelian group has p’-rank equal to r; for all

1<j<lis
|
11 (1 B p"”)

jzre+1
-1
prf+--~+r§+U(T1+~-+w) (l) H 1
p rij:l p

For groups of type S, the u-probability that a group of type S has p?-rank equal to 2r;

foralll1 <j</is
1
H 1= p2ut2i—1

jzret+l

-1 :
1
2(ri - +r3)+(2u—1)(r1+-+ 1
PR Gu ) ”)QﬂlyII<pz)
S j=1 Ti—Ti+1

T4

Once again, we could deduce, from the heuristic principle, conjectures concerning
class groups and Tate-Shafarevich groups.

3.3. Examples and identities. — We obtain from the first and second parts
some combinatorial identities (and we only focus on this aspect). The following
formula seems to be previously unknown:

Corollary 12. — We have
q7'f+~~~+7'?+(u—1)(7'1+~~~+7'e) H (l_qu+j)
el
Z — jzret+ :1+qu+”._‘_qu£.
0<re< <
P @y, [T @, .,
j=1

Proof. — We apply
> wprob(rp(H) = 11,72 (H) =19, -1 (H) = r0)T;(H) = My, (Tp).

OSres--<n1

Then, we use Corollary 3 and Corollary 11 and substitue 1/p — gq. O

In particular, if w is an integer, the formula in Corollary 12 becomes

q’“f‘i‘“'*"“?ﬁ'(u—1)(7‘1+"'+7‘z) It g

®) 2 ¢l B (@)oo

0<re<<
" " (q)rg—i-u (q)'r‘g (q)ijTj+1

Jj=1

The formula (8) and the formula in Corollary 12 are nearly of the same type as the
ones in [Hal38] and in [Ste90]. They do not seem however to be direct consequences
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of it. There are neither special cases of the generalizations of Stembridge’s formulas
given in [IJZ06] and in [JZO05].

Finally, we conclude with a last remark. Let k¥ > 1 and 7 > rg41 = -+ = rgye be
£ 4 1 non-negative integers. Theorem 8 can be re-written as

@ >

Hapabet s qui el
z e ° e = — st pla a1t s

™) (q)A1(Q)A2 --~(q)AS
W=k
FhA+1=Th+1
Hk+L=Tk+0
q(lfa)rk xk’f‘k+’f‘k+1+~»-+Tk+lqkTi+Ti+1+‘--+7‘i+é Qq,@,l (.’qurk*l)

i k+e-1
H;k:Jrll(l - xqj)(Q)TkJrz Hj:k; (q)Tj_Tj+1

We fix ri40 = r and write

RIS >

) ThoTh410 " Thtl—1 )
Mg 0=T TEZTE41 ZTh4o—12T HE=Tk

Bl 0 —1=Tk4£—1
[

and we apply equation (9) with convenient parameters to the left hand side and to

the inner sum of right hand side (in fact, we also take » = 0 since the general case

r > 0 is a direct consequence of it). Then, we use the substitution x — x/q, we

reindex 7, k41, +* ¢, Tk+e—1 DY 71, 72, -+, ¢ and we obtain directly the following

general recursion formula on the Qg k.q:

Proposition 13. — We have for {,k > 1, r>20and 1 <a <k

(10) Qgrtea(z) =

- 2
Z (xkr1+r2+---+r,gqkr§+r§+---+r§+kr1+r2+---+w q' a)rqu,k’a(xq Tl))
1 :
(Q)W Hj:l(q)'f"j—'fjJrl

When ¢ = 1, formula (10) is exactly one of the inputs needed by Andrews for proving
equation (4). Formula (10) is probably also a consequence of consecutive applica-
tions of the special case £ = 1. The questions of using or obtaining other classical
combinatorial identities with this algebraic aspect will be discussed elsewhere.

= 2120

4. Acknowledgements

This work was supported by the French “Agence Nationale pour la Recherche”,
the ANR project no. 07-BLAN-0248 “ALGOL”. The author would like to thank M.
Bhargava for his questions about the heuristics and F. Jouhet for many discussions
about the combinatorial identities occurring in this paper.



AVERAGES OF GROUPS INVOLVING p’-RANK AND COMBINATORIAL IDENTITIES 17

[And74]
[And9g]

[BS10a]

[BS10b]

[CL84]

[Coh85]

[Del01]

[Del07]

[Hal38]

[1JZ06)

[JZ05]
[PR10]

[Ste90]

References

George E. Andrews. An analytic generalization of the Rogers-Ramanujan identities
for odd moduli. Proc. Nat. Acad. Sci. U.S.A., 71:4082-4085, 1974.

George E. Andrews. The theory of partitions. Cambridge Mathematical Library.
Cambridge University Press, Cambridge, 1998. Reprint of the 1976 original.

M. Bhargava and A. Shankar. Binary quartic forms having bounded invariants,
and the boundedness of the average rank of elliptic curves. Preprint available on
arXw:1006.1002, 2010.

M. Bhargava and A. Shankar. Ternary cubic forms having bounded invariants, and
the existence of a positive proportion of elliptic curves having rank 0. Preprint
available on arXiv:1007.0052, 2010.

H. Cohen and H. W. Lenstra, Jr. Heuristics on class groups. In Number theory (New
York, 1982), volume 1052 of Lecture Notes in Math., pages 26-36. Springer, Berlin,
1984.

Henri Cohen. On the p®-rank of finite abelian groups and Andrews’ generaliza-
tions of the Rogers-Ramanujan identities. Nederl. Akad. Wetensch. Indag. Math.,
47(4):377-383, 1985.

Christophe Delaunay. Heuristics on Tate-Shafarevitch groups of elliptic curves de-
fined over Q. Ezperiment. Math., 10(2):191-196, 2001.

Christophe Delaunay. Heuristics on class groups and on Tate-Shafarevich groups:
the magic of the Cohen-Lenstra heuristics. In Ranks of elliptic curves and random
matriz theory, volume 341 of London Math. Soc. Lecture Note Ser., pages 323—340.
Cambridge Univ. Press, Cambridge, 2007.

P. Hall. A partition formula connected with Abelian groups. Comment. Math. Helv.,
11(1):126-129, 1938.

Masao Ishikawa, Frédéric Jouhet, and Jiang Zeng. A generalization of Kawanaka’s
identity for Hall-Littlewood polynomials and applications. J. Algebraic Combin.,
23(4):395-412, 2006.

Frédéric Jouhet and Jiang Zeng. New identities for Hall-Littlewood polynomials
and applications. Ramanugjan J., 10(1):89-112, 2005.

B. Poonen and E. Rains. Random maximal isotropic subspaces and selmer groups.
Preprint available on arXiv:1009.0287, 2010.

John R. Stembridge. Hall-Littlewood functions, plane partitions, and the Rogers-
Ramanujan identities. Trans. Amer. Math. Soc., 319(2):469-498, 1990.

December 15, 2010

CHRISTOPHE DELAUNAY, Université de Lyon, CNRS, Université Lyon 1, Institut Camille Jordan,
43, boulevard du 11 novembre 1918, F-69622 Villeurbanne Cedex, France.
E-mail : delaunay@math.univ-lyonl.fr e Url : http://math.univ-1lyonl.fr/~delaunay



