ZERO-FREE REGIONS FOR DIRICHLET SERIES (II)
C. DELAUNAY, E. FRICAIN, E. MOSAKI, AND O. ROBERT

ABSTRACT. In this paper, we continue some work devoted to ex-
plicit zero-free discs for a large class of Dirichlet series. In a previ-
ous article, such zero-free regions were described using some spaces
of functions which were defined with some technical conditions.
Here we give two different natural ways in order to remove those
technical conditions. In particular this allows to right down ex-
plicit zero-free regions differently and to obtain for them an easier
description useful for direct applications.

1. INTRODUCTION

As usual, we denote by {t} the fractional part of the real number ¢.
We let B* be the closed subspace of L%(0,400) spanned by functions
of the form

(1.1) f:tﬁick{%},

where ¢, € C and 0 < oy, < 1 are restricted to the condition
(1.2) > crop = 0.
k=1

B. Nyman [Nym50] proved that the Riemann zeta function does not
vanish on the half-plane R(s) > 1/2 if and only if x(o1) € B* where
X(0,1) is the characteristic function of the interval (0,1). Then A. Beurl-
ing (see [Beubd]) gave a similar criterion in LP spaces setting, for
1 < p < 2, reformulating the non vanishing of the Riemann zeta func-
tion on R(s) > 1/p. Their reformulations are known as the Beurling-
Nyman criterion for the Riemann hypothesis. The Nyman’s criterion
was extended by A. de Roton in [dRO7] for a large class of Dirichlet
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series containing the Selberg class. In [Nik95], N. Nikolski obtained
an explicit version for the Beurling-Nyman’s criterion in the case of
the Riemann zeta function. Similarly, in [DFMR11] an extended ex-
plicit version had been given for a large class of Dirichlet series (which
includes largely the Selberg class). In all these previous works, some
spaces of functions, generalizing 3%, have to be considered and their def-
initions involve several technical conditions of the same type as (1.2).
These conditions appear naturally in order to control the pole, coming
from L(s) at s = 1, of some auxiliary functions.

The fact is that these conditions are useless if we are interested in an
equivalent criterion for the (generalized) Riemann hypothesis. Indeed,
for the Riemann zeta function, it is proved in [BDBLS00] that we may
omit the condition (1.2): let B be the closed subspace of L?(0,+0c0)
spanned by functions of the form

ft) = ick {%} (t > 0).

k=1

Then the zeta function does not vanish on the half-plane R(s) > 1/2
if and only if x(o,1y € B. This result was generalized in [dR09] for a
large class of Dirichlet series including in particular the Selberg class.
Furthermore, for 0 < A < 1, if By denotes the subspace of B formed by
functions f such that min; <<, o > A, then the authors in [BDBLS00]
also proved that there exists a constant C' > 0 such that

(1.3) lim inf d(A)/og(1/3) > €.

where d(\) denotes the distance between x and By. The estimate (1.3)
was also generalized in [dR09] for the Selberg class.

In this article, we explain how to drop off the conditions of type (1.2)
used in [DFMRI11]. On the one hand, we give a Beurling-Nyman cri-
terion of the same type of [BDBLS00] and [dR07] but for a wide class
of Dirichlet series (we do not need any Euler product or functional
equation). Let us mention that our class of Dirichlet series coincides
with the one considered in [dR07] but our subspace of L? functions
is somehow more general. On the other hand, we also obtain explicit
zero free regions of the same shape of [DFMR11] without the technical
conditions. In particular, these give new explicit zero free regions that
are easier to deal with. For these purposes we will give two different
and independent (but complementary) methods.
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2. NOTATION

In this section, we will give some notation and recall some results
that were obtained in [DFMRI11] (we shall refer to this article several
times). For r € R, we denote by II,. the half-plane

II, ={s€C : R(s) >r}.

We fix a Dirichlet series L(s) = ) ., % satisfying the following con-
ditions: -
e For every £ > 0, we have a, = O.(n®).
e There exists og < 1 such that the function s — L(s) admits a
meromorphic continuation to R(s) > oo with a unique pole of
order my at s = 1.
e The function s — (s — 1)™¢L(s) is analytic with finite order
in II,,.
The growth condition on the coefficients (a,), implies that L(s) is an
absolutely convergent Dirichlet series for R(s) > 1. As already men-
tioned, this class of Dirichlet series was already introduced in [dR07]
with op = L. We also consider a function ¢ : [0, +oo[— C such that

2
e ¢ is supported on [0, 1] and is locally bounded on (0, 1).
e p(x) = O(x~%) when x — 0.
e p(z) =0((1 —2)~7") when z — 1~, for some oy < 1/2.

We recall that the (unnormalized) Mellin transform of a Lebesgue-
measurable function ¢ : [0, +oo[— C is the function  defined by

fo)= [ erf o),

whenever the integral is absolutely convergent. If ¢ satisfies the con-
ditions above, we easily see that s — ¢(s) is analytic on II,,. The
normalized Mellin transform M : ¢ — \/%7@ is a unitary operator that
maps the space L2 ((0,1), 7%5) onto H*(Il,), where L? ((0,1), %)
is the subspace of functions in L? ((O, +00), tf_l%) that vanish almost
everywhere on (1,+00), and H?*(Il,) is the Hardy space of analytic
functions f : I, — C such that || f]|2 < co with

(2.1) [f]l2 = sup (/M|f(9€+ilﬁ)|2dt)é

x>0 o0
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We also recall that M extends to a unitary operator from the space
L2((0,400), 7%=) onto L*(o + iR) (use the Fourier—Plancherel’s the-
orem and the change of variable going from the Fourier transform to

the Mellin transform). With our choices of L and ¢ we define
R s n *
(2:2) W) =res (L(s)@(s)u'ss = 1) = Y awe (=) (ueRy),
n<u

where res(F(s),s = 1) denotes the residue of the meromorphic func-
tion F' at s = 1. We recall that by definition of 1, there exists
(Pos D1y - s Pmyp—1) € C™ with p,,, 1 # 0 such that

mr—1

(2.3) Y(u) =u Z pr(log u)* (0<u<l).
k=0

Indeed, since the function s — L(s)@(s) has a pole of order my at
s =1, we can write

24) LR = 0 I~ HE) (€Tl A1)

k=0

with p,,, -1 # 0 and where H is some analytic function in II,,. For
each 0 <k <mjy — 1, we have

u® .\ u(logu)*
res (m,s = 1) = Ta

mL—l

(2.5) res (L(s)p(s)u’,s = 1) =u Y pp(logu)”.

which gives

Now (2.3) follows from 9 (u) = res (L(s)p(s)u®,s =1) if 0 < u < 1.
Hence, it is clear that for r > o, the function ¢ — "¢ (}) belongs
to L*((0, +00), r%=7 ) if and only if

+o0 ) dt
(2.6) r <1 and 1 [(t)| MRS +00.

By [DFMRI11, Theorem 2.1] this is equivalent to 7 < 1 and the fact
that the function t — L(r+it)@(r+it) belongs to L?((—o0, +00), dt).
In the classical examples such as the Selberg class, such a real number
7 exists, and moreover, each r’ € [r, 1) also satisfies (2.6).

In the sequel, we assume that there exists ry > o, satisfy-
ing (2.6) and we fix ry once and for all.
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We set
S = U(O, 1]¢ x C*.
e>1

Each A € S is a couple (a,c) where o = (aq,...,ay) € (0,1]° and
c=(c1,...,c0) € C' for some £ > 1. That ¢ is called the length of A
and is noted ¢(A).
A sequence A = (a,c¢) € S is called m-admissible! if

£(A)

chaj(logaj)k =0forany 0 <k <m-—1.

j=1
We denote by S* the subset of the sequences A € S that are my-

admissible. To each A = (a,c) € S, we associate the function f4,
defined by

£(A)
R ]
(2.7) fan(t) =t O;cﬂw (3)  @>o0
Then for ro <7 < 1 and for A € S, we have f,, € LQ((O7 +00), tlii—;f%)

Futhermore, if A € S¥, then the function f4, is identically zero on
(1,400) (see [DFMR11, Theorem 4.3]).

We set

(2.8) K, = Span{fa,: A€ S} (ro <r<1)
and

(2.9) K*:= Span{fa,: AcS* (ro <7 <1).

In both cases the (closed) span is taken with respect to L2((0, +00), 7% )
For A € II,,, we set

() =" xon(t) - (t>0)
and for rg < r <1 we let
(2.10)  d.(\) = dist(wy, K,.) and db(\) = dist(wy, KF).
Since K? C K,, it is immediate that
(2.11) d-(A) <dE(N) (ro<r <1, Aell,).
We can now state Theorem 2.2 of [DFMR11]? :
 IThese are exactly the conditions we mentioned in the introduction.

2The reader should be careful that in [DFMR11] the subspace K! and the dis-
tance d#()\) were denoted by K, and d,.(\).
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Theorem 2.1. Let A\ € Il,,. Then the function L does not vanish on
r — oo+ DE(N) where
\/1—2 —ao)dQ()\)}.

Di(N) = {u e C: ‘
It is also obtained the following result (see [DFMR11, Theorem 2.4]):

Theorem 2.2. Suppose that the function ¢ does not vanish on the half-
plane 11, that limsup,_,, w = 0 and that a; # 0. Then
the following assertions are equivalent:

(1) The function L does not vanish on the half-plane TI,.
(2) There exists \ € I, such that d:()\) = 0.

(3) For all A € 1,,, we have d*(\) = 0.

(4) We have K} = L2((0,1), dt/t'~290).

,u+)\—2<70

This last theorem is exactly a Beurling-Nyman’s criterion for L. The
key point in the proof of these two results is the fact that the Mellin
transform of each f4, € K! is the product of L(s)@(s) with a suitable
function g4(s) that kills the pole at s = 1. In that case, the function
L(s)¢(s)ga(s) belongs to the Hardy space H*(II,.), and we may use the
theory of analytic reproducing kernel Hilbert spaces.

In this paper, we are interested in the following question: is it pos-
sible to replace the distance d(\) by d.()\) and the space K by K, in
both previous results? Of course if my = 0, then S = S* and K, = K?
and there is nothing to do! So we assume in the following that my > 1.
When we replace KF by K,, the pole at s = 1 coming from the Dirich-
let series is no longer compensated. In particular, for A € S\ &%, the
function L(s)$(s)ga(s) does not belong to the Hardy space H2(IL,.).
There are two natural ideas to overcome this problem.

First, for a function f4, with A € S we can find A’ € S such that
far+ farr € KF and such that || fa, + far,, — wy|| can be controlled by
| far—wy||. This strategy is developed through sections 3 and 4. That
allows us to state in our main theorem that d*(\) < Cd,(\) for some ex-
plicit constant C'. With this inequality and (2.11), we may use directly
the results of [DFMRI11]. In particular, we obtain a Beurling-Nyman’s
criterion involving d,(\) for our general class of Dirichlet series (gen-
eralizing the previous results of [BDBLS00] and [dR06]) and as a by
product we also obtain zero free discs (but that are less good than the
one in [DFMR11]).

For the second method, we show in Sections 5 and 6 that we can com-
pensate the pole at s = 1 by multiplying the function L(s) by a suitable
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function involving a Blaschke factor so that the new function is in the
Hardy space H?(IL,). This enables us to follow the techniques used in
[DFMR11] to obtain explicit zero-free discs. Those new zero free discs
improve the ones in [DFMRI11] and are easier to describe. Neverthe-
less, the presence of the Blaschke factor causes some differences and
brings some technical calculations; in particular, we must replace the
function wy by another function u, » (which lies on (0, 400)). Then the
zero-free discs obtained are expressed in terms of the distance of u, )
to the space K.

3. AUXILIARY LEMMAS

3.1. The Pascal matrix. Let m > 1 be an integer. The Pascal matrix
of size m x m is defined by

(31) A(m) = (Ai,j)(]gi,jgm—l Wlth Ai,j = (Z . J) .

]

It is known that this is a positive definite symmetric matrix (see [Hig02,

Section 28.4]). Hence its greatest eigenvalue u%)x trivially satisfies

i, < tr(A™)). Moreover, its characteristic polynomial ,,(X) =
det(XI — A™) is palindromic, that is X,,(X) = X™x,,(1/X). Then,
its lowest eigenvalue M%L is equal to 1/ u%)x Moreover, using these
two observations and the bound (2]] ) < 47 on the diagonal coefficients,

we get the simple lower bound

(3.2) ulm >

mzn—4m_1

It is also proved in [Hig02, Section 28.4] that

4m+1
3v/mm’
m)

which gives the correct order of magnitude of ufn . as m tends to +oo.
For the first values of m, we have ,ufii)n =1, ,ufli)n =(3-+5)/2, ,ufji)n =

4— /15, ... .

(m) tr(A(m)) ~

:U’rnax

m — +00,

Lemma 3.1. For any a > 0 and any (zo, 21, - .-, 2m—1) € C™, we have
400 |m—1 .12 m—1
t —at 1 2
/0 Dz etz Y el
j=0 j=0

where iy, is the lowest eigenvalue of the Pascal matriz defined in (3.1).
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Proof. We restrict the proof to the case a = 1 since the general case
follows from

roo fmd 4|7 R =
[ era=y [ 25 ear
0 L a /o Pl
Expanding the integral and using the identity f0+oo te~tdt = n!, we
have
4oo |m—1 |2 . )'
i ! ~
[ eta= 3w sz,
0 i=0 7! 0<i,j<m—1 ilj!
J= x%,75Mm
where Z is the column vector (2, 21, . .., Zm_1) and A™ is the Pascal

matrix defined in (3.1). It remains to note that if A is a hermitian
positive definite matrix, then ‘ZAZ > HZT;Ol |z;|?, where p is the
lowest eigenvalue of A. O
Remark 3.2. Taking “(z9, z1,...,2m_1) to be an eigenvector for the

smallest eigenvalue, we see that the lower bound in the lemma is opti-
mal.

3.2. A linear system.

Lemma 3.3. Let m > 1, let P = (po,p1,- - Pm—1) € C™ with p,,_1 #
0, and let 8= (Bo,- .., Bm_1) € C™. Then the system

ko /.
i+m—1—%k
/Bk:Z( - )pi+m—1—kyz‘ 0<k<m-—1)

]
=0

of unknown y = (Yo, ..., Ym—1) has a unique solution in C™ and for
such a solution we have

m—1
Syl <E(P) D 18,
k=0
where
1 o
o ; ifm=1
Py <m||P||oo>m 1
§(P) = 1 1 4+ 1Pl [pm—1l ifm>2
[Pm—1] [pm—1l ml||P||c>o| 1 ’
Pm—1

and || P||o = maXo<i<m—1 |pil-
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Proof. It M = (M, ;)o<ij<m—1 is a m X m matrix with coefficients in C,
we set
|M|loo == max |M,;].

0<i,j<m—1
The system is triangular and the associated matrix M is of the form
M = p,,_1D — N where D is the diagonal matrix with diagonal coeffi-
cients d;; = (mgl), 0 <i<m—1, and N is nilpotent and triangular.
Since p,,—1 # 0, the matrix is invertible so the system has a unique
solution and

m—1

max |yi| < |(pmaD = N) Moo D 1Bsl-

0<k<m—1
k=0

It remains to bound ||(p,—1D — N)!|s. The expected bound is trivial
for m =1 so we may assume that m > 2. We first note that M =

Pm—1D( ) where N; = D7'N. Hence,
m— INJD 1
m_ ]:0 pmfl
and
m—1 i
1 N D
(3.3) M < e S INID” o

pm—1| =0 |pm—1|]

Since D is a diagonal matrix whose diagonal coefficients are at least
1, we have ||N{ D70 < [|NVY]|oo, hence | N{ D7 oo < m/=L||Ny||Z, if
j > 1. Moreover, the coefficient on the k-th row and the i-th column
in N7 has absolute value

z+m1k> k—i—1

|pz+m 1— k|( ( ) |pz+m 1— k;| H (]CZZ+1),

_1_]

which is clearly < |piim_1-&]- Therefore, we get [[N1]|o < max |pg].
0<i<m—1

Using (3.3) and setting ¢ = maxo<;<m—1 |Di/Pm—-1/, we obtain asing the
fact ¢ > 1, that

1 1 L
M e < + E mi g
e = 20 o !

1 mqg)™ 1t —1
(1+q( q) )
|Dm—1] mq — 1

which gives the expected result.
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3.3. A Vandermonde system.

Lemma 3.4. Given a vector (Y1, Y2, - .., Ym) € C™, the unique solution
of the system
(3.4) i Tai=y, (1<i<m),

j=1

satisfies
>l < ((m =127+ 1) o

Proof. The result is trivial for m = 1, since the system then reduces
to the equation z; = y;. We may now assume m > 2. Let V,, =
(7 Y1<ij<m be the vandermonde matrix associated to the system. It
is known [Hig02, page 416] that the inverse of V,, is given by W,, =
(wij)1<ij<m, Where

(=)0 i(1,2,... 0, ..., m)

w; . = ,
” IT G—#
1<k<m
ki
and oy, is the k-th symmetric | polynomial in m — 1 indeterminates and
where the notation (1,2,...,4,...,m) means that we omit the term 1.

Hence the unique solutlon of (3.4) satisﬁes

( !wi,j!> max [y;|-
1<i,5<m

It remains to prove that » 0, ., |wi ;| = (m—1)2"+1. First note that

the denominator of |w; ;| is (i — 1)!(m — 4)!. Moreover, the numerator
of |w; ;| is opm—j(1,2,...,7,...,m). Then,
m 1 m—1
Z|wi7j|: (Z—l)'(m—Z)‘ZO‘](LZ s 7m)
7j=1 7=0
1
= 1+ k
(1 —Dl(m —1)! H (1+F)
1<k<m
ki

. 1)!($1t1i))!!(1 y ~mt 1)(7?) - (Tif)

By summing the last equality over 1 < i < m, we get the expected
result. 0
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4. A BEURLING-NYMAN’S CRITERION

To simplify the notation, the order m of the pole of the Dirichlet

series L will be noted m in this section. We recall that ry is a real
number such that oy < 19 < 1 and satisfying (2.6).
Let w € L2((0,1),dt/t'29), we consider the distance dist(w, K,.) and
dist(w, K*), where K, and K? are defined in (2.8) and (2.9). We have
trivially dist(w, K,.) < dist(w, K¥). We can now state the main result
which gives a bound of dist(w, K*) in function of dist(w, K,.):

Theorem 4.1. With the previous notation, there exists a positive func-
tion r — 0(,r) defined and nonincreasing on [ro, 1) such that

(4.1) dist(w, K*) < (1+0(¢, r)vV1 —r)dist(w, K,.)
for each r € [ro, 1), and such that

lin% O(y,r)vV1—r=0.

Remark 4.2. An explicit choice of (1), ) will be given in (4.7), inside
the proof of Theorem 4.1.

In the sequel, we will introduce the following notation. For the m-uplet
P = (po,...,pm_1) that has been introduced in (2.3), we set

(4.2) 1P[ly = /

1/2
Note that || P[] = (fol |@Z)(u)|2‘%‘> . Furthermore we set

1 2 1/2

Z p;i(log u)*

=0

udu

4y wl= ([ wngir)l/? (o <7 <)

Note that the function r — |[1]|, is nonincreasing on [rg, 1). Recall that
the function fa, defined in (2.7) belongs to L*((0, +o00), dt/t'~27°). For
f e L*(0,400),dt/t'=290), we note

+o00o d
117 = [ 1ror a5

Before embarking on the proof of Theorem 4.1, we need to establish
the following crucial lemma.
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Lemma 4.3. Let A = (a,c) € S. There exists A’ € S such that
fA,T + fA’,r € Kﬁ and

£(A)
1far + fare = ]| < || fay —wll +Alm,r) max |3 ejay(logay)”|,

0<k<m—1 |4
J=1

for any w € L2((0,1),dt/t'=2°), where

A(m,r) = ((m —1)27 + 1) max(e™, ™) (| P2+ [0]12) 7,

and || P||2 and ||¢||, have been introduced in (4.2) and (4.3) respectively.
Proof. Let A = (a,c) € S. We set

£(A)

Y = chaj(logaj)k (0<k<m-1).
j=1

Our first step is to construct a sequence A" = (o/,¢’) € S such that
far+ far,r € KE. We choose

o i=e (1<j<m).

By Lemma 3.4, there exists a unique (z1, ..., x,,) € C™ such that
ij(loga;)k =—y, (0<k<m-—1),
j=1

and moreover

D fal < ((m—1)2" +1) max |y.

0<k<m—1
Now by choosing
x; 4
;= j (1<j<m)
J
and using the definition of the y;, we get
o(A)
(4.4) Z loga + chaj(log a)f=0 (0<k<m-1),
j=1

and

Z o] < ((m—1)2" +1) max Zc]oz] loga]
i=1

0<k<m 1
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Moreover, since 0 < a;,, < o} for 1 < j < m, this last condition yields

0<k<m 1

(4.5) Z || < e™((m—1)2" + max Zc]a] log a;)*
j=1

Now, by setting A’ := (a/, ), the condition (4.4) immediately gives
fAm + fA’,r € K£>

and in particular fa,(t)+ far-(t) = 0fort > 1 (see [DFMR11, Theorem
4.3]). Furthermore, w is supported on (0, 1), hence we have

Ifar =l = ([ 10+ Faalt) = w55 )
0

SHﬂwﬂM+(ALMAM%:E>
from which we deduce

) 1/2
u&nmﬁmm—w<wmfww§jw(/r¢%Fﬂ%)-

Taking (4.5) into account, the lemma follows immediately from the
bounds

Voow, dt o
1w < max(t,e ™) (IPIE+ o1
0

for each 1 < j < m. For proving these inequalities, we write

/ oo dt
t/W¢Pﬂ%:ww/ BOP 5

/W¢|@HT<%WWM
Considering the cases r > 0 and r < 0, we have
( Oz;- )2r
t2r
which gives

<max (l,e™™) (1<j<m, o <t<l),

1
T dt —zTm
07 [ 0P < max (1) P
&
With the same method, we obtain

(@)*" ¥} < max (1,e7™)[[¢]7
which concludes the proof. O
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Proof of Theorem 4.1. We set

2—"2r
) (2ZH( w ) |

and we denote by u,, the lowest eigenvalue of the Pascal matrix defined
n (3.1). We are now ready to prove Theorem 4.1 with

E()E(r)A(m. 7)
Vim

where £(¢0) := &(P) is defined in Lemma 3.3 and where A(m,7) is
defined in Lemma 4.3. It is clear that with this choice, the function
r +— 0(1,r) is nonincreasing on [rg, 1). In particular, (1, r) is bounded

on [rg, 1) and then lim,_,; 6(¢), 7)/1 —r = 0.

(4.7) O(,r) =

Let A = (a,c) € S. Assume that the following inequality

o(A)

(48)  max |3 agllogag)t| < | fa, — wle@)B(r) | —
=1

Hm

0<k<m—1

holds. Then we complete the proof of Theorem 4.1 as follows: according
to Lemma 4.3, there exists A" € S such that fa, + fa, € Kﬁ and

| far+ farr —w| <[ far —w| + Alm,7) _nax cha] log a;)¥|,

k<m-—1

for any w € L2((0,1),dt/t'=27°). Hence, using (4.8) and the inequality
diSt(w7 Kﬁ) < ”fA,r + fA’,r - IUH, we have

dist (w, ) < (1 ) B Am, )y ) Far— wll

and (4.1) follows immediately by taking the infimum over A € S.
It remains to prove (4.8). Since w(t) = 0 for t > 1, we have

2
+oo {(A)

dt +oo dt
/ Zc] o / ’fA,r(t)|2t1,—200 < | far —w]*.
1 1
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Hence, using the notation in (2.3), one has
2

~
S

lar =l = [ S (3)] 75

1

<.
Il

oo | o, md | dt
_ J i
— /1 ZCjT Zpi(log a; —logt) e
7j=1 1=0
oo |77 Lo
- [ [Ecomrog g
1 k=0
+o0 —1 2
_ / Z m 1-k um 1— kﬂ 2(1—7“)u du.
0 k=
where we have set for 0 < k<m—1
koo, 0(A)
t+m—1—k ;
B = Z ( i )pi—i-m—l—k chaj(logaj) :
=0 7=1
Lemma 3.3 then gives
L(A) m—1
)
| nax chozj log a))*| <€) D |Bul-

e
Il

0

Now, Cauchy’s inequality yields

m—1 2 m—1 (2 — 2r)2+1 m—1 k1B, |2
(%W) < (% W) (; m>

15

and using Lemma 3.1 with the choice z, = k!f, and a = 2 — 2r, one

has

= KB 1 [T 1k, m—1—k 2 2(1—r)
Z (2 — 2r)2k+1 < ,u_/ Z(_l) u Br| e

k=0 m J0 k=0

Then we deduce
m—1 (2 . 27,)2k+1 1/2
Z’Bk < \/—_m (Z T) [ fa,r — wl-

HfAr —w.
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This ends the proof of (4.8). O

Now, we apply Theorem 4.1 with w(t) = wy(t) = tLQ"OX(OJ)(t) where
A € II,,. In that case, we denote dist(wy, K,) (resp. dist(wy, K¥)) by
d.(\) and d?()\) (see (2.10) and (2.11)).

Corollary 4.4. With the previous notation, we have
(4.9) d-(A) < dE(N) < (1+ 00, )V —71)d.(N)
for all r € [ro,1) and X € 11,,.

Theorem 4.1 and Corollary 4.4 give directly the Beurling-Nyman cri-
terion we had in mind (i.e. without the technical conditions):

Corollary 4.5. Let ro < r < 1. Assume that ¢ does not vanish on
the half-plane 11,., that limsup,_, Ww = 0 and that ay # 0.
Then the following assertions are equivalent:

(1) The function L does not vanish on the half-plane I1,.
(2) There exists A € Il such that d.(\) = 0.

(3) For all X € 11,,, we have d.(\) = 0.

(1) 120, 1),dt/t1°2) C K.

Proof. According to Corollary 4.4, we have
d,(\) =0 <= d'(\) = 0.

Hence, the equivalence between the first three assertions follows imme-
diately from Theorem 2.2. The implication (4) = (3) is trivial. The
remaining implication (1) = (4) comes again from Theorem 2.2 and
the fact that K C K,. O

As already mentioned, this Beurling-Nyman’s criterion generalizes the
previous result obtained in [BDBLSO00] for the Riemann zeta function.
It also generalizes a little bit the result obtained in [dR07] for the case
where ¢(t) = xo(t) and A = 7 = 3. As an illustration, take a
Dirichlet series L(s) = Y ., a,n"° in the Selberg class with a; # 0
(otherwise the Dirichlet series is zero by the multiplicative properties of
a,). Then L(s) has an analytic continuation to C\ {1} and we choose

oo = 0. Let d be the degree of L and take
X(0,1)(t) 1 d
o(t) = = .

=77’ wh < - — —

-0 where o1 < 5 — 7
Then, we may choose 7o = 1/2 so that 1 € L?((1,00), 1% ) (see
[DFMRI11, Section 7.3]). Moreover, for A = r = 1/2, the function
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t>‘X(o,1) € K, if and only if the function (o) belongs to the space

(o)
O
By, = span{t = Y et (%) : (. ¢) € S},

. = span{ ;cjw ; (a, ) }
where the closed linear span here is taken with respect to the space
L?((0,00),dt). Hence:
Corollary 4.6. The function L(s) does not vanish for R(s) > 1/2 if
and only if x0,1) € Bo, .

5. THE FUNCTION f4, WHEN A€ S

From this section, we investigate an other method for compensating
the pole at s = 1 coming from L(s).

Recall that we have fixed a real number ro > 0 satisfying (2.6) and
then for any r such that ry < r < 1, we have ¥ € L?((0, +00), %)
Recall also that for any A = (o, ¢) € S and ry < r < 1, the function
far, defined by

£(a)
r—0 aj
far®) ==Y e (). (> 0)
7j=1
belongs to the space L((0, +00), 7% ). If f € L*((0, +00), dt/t'=270),

we note
oo dt
117 = [ 10
0

Lemma 5.1. Let rg <r <1 and A= (a,c) € S. Then
(a) We have

lim HfA,T - fA,m” = 0.

r—T0
r>ro

(b) The integral
+oo

far®)ttdt
0

is absolutely convergent if oo +19 — 1 < R(s) < o9+ 1 —1.

Proof. For the first point, note that

(5'1) fAﬂ“(t) = tT_TOfAJ’O (t) = tr_rlfAJd (t) (TO <7< 1)’

which proves that fa,(t) tends pointwise to fa.,(t) on (0,400), as
r — r9. Moreover, if r; is such that » < r; < 1, then, using the two
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equalities in (5.1) (depending whether ¢ < 1 or t > 1), we easily check
that

|far @] < [fan @O+ [ far ()], t>0.
Since the function t — | fa (£)] + | fa,r, ()] is in L*((0, +00), ;%) an
application of Lebesgue’s theorem gives the result.
For the second point, by linearity and using a change of variable, it is
sufficient to prove that the integral

—+00
0 t0'+7"+1—0'0

is convergent if g+ 19 —r < 0 < 09 + 1 — r which is equivalent to the

convergence of
)],
0 t1+'y

if ro < v < 1. On the one hand, 1(t) = tP(logt) for t € (0,1) and we

have
|P logt
t1+v

This last integral is convergent if 7 < 1. On the other hand, using
Cauchy—Schwarz inequality, we get

0 |4 (t)| @) N ae \Y
1 dt S 142 dt 142 2 :
1 i+ 1 14270 n tl+2y=2r0

Now the first integral on the right hand side is finite by hypothesis and
the second integral is finite if and only if o < 7, which concludes the
proof. O

If A= (o, c) €S, welet
ga(s) =) cja; (s€C).
Lemma 5.2. Letrg <r <1 and s € C with og +ro—r < R(s) <

oo+ 1—r. Then

(5.2) Far(s) = —L(s+ 71— 00)@(s + 1 — 50)ga(s +r — a9).

If r =19 and s = oo + it, the equality (5.2) holds for almost every
teR.

Proof. For ro < R(s) < 1, we claim that

(5.3) _L(s)p(s) = /0 e G) Fldt,
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Indeed , on the one hand, by [DFMR11, Lemma 3.1], we have

(5.4) H(s) = /0 1¢ G) tlar (R(s) > 1),

where H is the analytic function on Il,, introduced in (2.4). Since the
function ¢ — (1) xp0,1(t) belongs to L2((0,1), r%), the function s

folz/J (%) t*=1dt is analytic on II,,. Hence, the analytic continuation
principle implies that the equality (5.4) is satisfied for all s € II,,,. On
the other hand, by an easy induction argument, we have

G, Qo0 =~ R0 <)

Thus, using (2.3), we get

(5.5) / W)t dt = Z G k'i’l”)“kﬂ (R(s) < 1).

Using (5.4) and (5.5), we obtain, for ro < R(s) < 1,

“Ls)pls) = H(s)— 3 %
k=0

o ! 1 s—1 ! —s—1
_ /Ow(t>t dt+/0w(t)t dt,

which yields (5.3). Therefore

+oo 1 (o)
—L(s)p(s)gals) = /0 w(g)chajtS_ldt
j=1
+00 oy .
= /0 et (%)t Lt

+oo
— far)troo1at,
0

Lemma 5.1 (b) implies that the last integral is absolutely convergent if
ro < R(s) < 1. Hence

(5.6) —L(s)p(s)ga(s) = f;(s + 09— 1), ro < R(s) <1

We conclude the proof of (5.2) using the change of variable s —
S —o0g+T.
For the second part, take r such that ry < r < 1. Now, we know that

(5.7) Farloo+it) = —L{r +it)@(r + it)ga(r + it).
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By Lemma 5.1 (a), the sequence f/A; tends to f/A;) in L?(og + iR),
for any sequence (1), tending to 7o (since the Mellin transform is an
isometry from L?((0,00), dt/t'=27°) onto L*(0y+iR)). Using a classical
result, this sequence (r,), can be chosen so that

hm fA,T‘n (O’o -+ Zt) = fTLL\TO<O'0 —+ Zt)

n—-+oo

for almost all ¢ € R. The equation (5.7) is now sufficient to complete
the proof. O

We need to fix some other notation. If » € R and A € II,, we denote
by k., (respectively by b, ) the reproducing kernel of H*(I1,) (respec-
tively the elementary Blaschke factor of H?(II,)) corresponding to the
point A. In others words, we have for &, ,

1 1
5.8 ban(s) = ——— 1,
(5.8) ar(s) 2w s — 2r + A i
and
1 [T f(r+it)
. )\ — k r - = dt7
(5.9 O = (=5 [
for any function f € H?(II,). We also have for by,
s— A
5.10 bro(s) = ——2— c 11,
(5.10) W)= s

which is analytic and bounded on the closed half-plane II,. More pre-
cisely, we have |by,(s)] < 1if s € II, and |by,(s)| = 1 if R(s) = r.

Lemma 5.3. Let A = (o,¢) € §. Then for all r, 1o < r < 1, the
function

5+ L{s)B(5)ga ()b (5
belongs to H?(I1,.).

Proof. Recall that

mr—1
~ klp
L(s)p(s) = ) | (S_—l;“kﬂ —H(s), s#1s€ell,,
k=0

and according to the proof of Theorem 2.1 in [DFMR11], the function
H belongs to H?(II,). Therefore

S0

L(5)@(s)ga(s)b0k(s) = k!pk(sl_”"ng(S) — H{(s)ga(s)by; (s).
k=0
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The functions g4 and bTrL are bounded on II,, hence the function s
H(s)ga(s)bi'¥ (s) belongs to H*(II.). So it is sufficient to prove that

the function
by (s)

(s — 1)k+1

belongs to H%(I1,.) for every 0 < k < my, — 1. Using (5.10) and the fact
that |by,(s)] <1 for s € II,, we have
by’ (s) bir'(s)

(S __1)k+l (S __1)k+1

S+

1
s+ 1 —2r [k’

and it is clear that

S /+OO dt < /+°O dt
u
ot o T L= 2rmatP®0 ) = (=2 )

< +o00,

which proves that s — (:f% belongs to H?(I1,.). O
We now introduce now a function u, of L*((0,00),dt/t'~27°) which
will be used to give explicit zero free regions in terms of the distance
of u, ) to the subspace K, (see (6.1) and Theorem 6.4). This function
u, » plays the role of the function wy in Theorem 2.1. For A € 11, and
t > 0, we define

A

mr
up(t) = (1 + E) t’\’%OX(o,l)(t) + Q.1 (log t)t”"’o’lx(l,oo) (t)

with A = 2—2r and B = r+09—1—\ and where @ is the polynomial
defined by

mp—1 /mp—1—j my—k o
mp\ A\ " (—1)B7 .
Q) == Y ( 3 ( ' ) <E> ) BV
7=0 k=0

Note that for 0 < ¢ < 1, we have u, \(t) = (1 + A/B)™ wy(t), but the
function w, ) is (unlike the function wy) supported on the whole axis
(0,00). This is quite natural since K, is formed by functions which
live on (0, 00) whereas functions of K* vanish on (1,00). Although the
formulae defining u, » may appear a little bit complicated, this function
is chosen so that its Mellin transform has the simple following form:

Lemma 5.4. For 209 — R(\) < R(s) < 1+ 09 — 1, we have

kkﬂb<3)
bi'r (s +r —09)

Ura(s) =2m
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Proof. We compute the inverse Mellin transform of the right hand side
which is defined by
1 k.o
— 27— Ao (2) t *dz
2w Re(2)=6 bl,r (Z +7r— O'[))

where 0 is any real number such that 200 — R(\) <d <1+ ¢ — 7.
If 0 <t <1, we can push the line of irztegr(a)tion to the left. Then we
A,0

by (z—l(j'r 0)
2 = 209 — A and we obtain upa(t) for 0 <t < 1.
If t > 1, we can push the line of integration to the right. We catch the
residue of the function at the pole z = 0y + 1 — r which is of order my.
After a direct computation, we obtain w, )(t) for ¢t > 1. O

catch the residue of the function 27 m t=* at the simple pole

6. ZERO-FREE REGIONS

For A € S, we set

1
har(s) = ——=L(s+r—00)p(s+1—00)ga(s+1—00)b]"F (s+1—09),

V21

and according to Lemma 5.3, the function ha, belongs to H?(Il,,).
Furthermore, hy4, is analytic in Iy, _,.

Proposition 6.1. Let ry satisfying (2.6), let ¢ < r < 1, and let
A € 1l,,. Then L does not vanish on
har
i e
IIhAr||2

r—ao—i-{uG(C: ‘

forany A€ S.

,u+/\—200

Remark 6.2. Before proving the proposition, we should recall that for
A=a+ibell,, (a>0p,b€R)and R € [0,1], the set

{MEC:‘L)\ <R}
U

is the open (euclidean) disc whose center is ) = (%@2”), b> and

radius is 231 ”R;’O) if R €[0,1[; if R =1 this set is the half-plane II,,.

Proof of Proposition 6.1. Using Lemma 5.3 and following the proof of
[DFMRI11, Corollary 2.3] we obtain that L does not vanish on the disc

/L_— A < |hA,7“()‘)| }
1w+ A — 209 [hazll2lFxll2

r—00+{u€C:
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where the norms || - ||; are relative to the space H?*(Il,,) (see equa-
tion (2.1)). It remains to note that ||k = (47 (R(A) — 00))_1/2. O

Remark 6.3. For applications, in order to compute ‘H » (”)‘ , 1t is useful

to notice that [|hay|2 = || fa,r[l2- Indeed using the fact that ha, is not
only in H*(Il,,) but is analytic on Ily,,_, and using that [b"%(s)] =1
if R(s) = r, we obtain

2
1harlls = ’—L (r+t)p(r +it)ga(r +it)| dt.

Here we used the classical fact (see [Dur70]) for example) that, if a
function h is in H*(Il,,), then the limit h(og + it) := lim h(o + it)
O’;)o’o

exists for almost all ¢ € R and

+oo
HMB=/ h(oo + i) dt.

o0

By Lemma 5.2, we get
2

1Parll = far(oo +it)| dt.

[l

The result now follows since M is a unitary operator from the space
L?((0,00),dt/t1=290) onto L?(oq + iR).

For A € I1,,, we let

(6.1) 0r(A) = dist(u,, K.),

where the distance is taken with respect to L?((0, 00), dt/t'~290).
Theorem 6.4. Let o satisfying (2.6), let ro < r <1, and let X € 1,,.
Then L does not vanish on r — og + D,.(\) where

— . f—=A _ — 0152
DT(A)._{MEC. ‘/L+X—2ao < V1—2(R(\) 0)@@)}.

Proof. According to proposition 6.1, the function L does not vanish on

- A
r—ag—i-{,uE(C: ’“_— <R}
M+)\—20'O
with
1 ha,
P SR YY)

[kxooll2 aes [[harll2
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It remains to prove that R?> = 1 — 2(R(\) — 0¢)d2(A\). For this, note
that
1 har kxo
R = sup |< Ay VA, 0>2|
[kxoollz aes [Pyl

1
= mHPErkA,oon
»00

where E,. = spanys, j(ha,: A € S) and P, is the orthogonal projec-
tion from H?(IL,,) onto the closed subspace E,. Hence, with standard
Hilbert space arguments, we get

dist®(kx .0, Er)
[V R

Take any A € S. Using |b}"} (r +it)| = 1, we obtain by Lemma 5.2 and
Lemma 5.4 that

Hk)\,ao - hA,TH% =

/oo k)\700<0'0 + lt) 1

™ - +
bi; (r 4 it) o
| e+ i) = —=TFazton+ it
= — (o9 +it) — —fa,(00+1
. 2 A\Y0 \/ﬁ A, 0

Since the Mellin transform is a unitary map, we deduce

1
lro = hiarlly = =t = Lasl

Thus distQ(k)\m, E,) = %distz(un x K-). Now the desired equality fol-

s

lows from (6.2) and the fact that ||k g, |2 = (47 (R(N) —00)"V2. O

(6.2) R*=1

2
dt

L(r +it)p(r + it)ga(r + it)

2

dt.

Remark 6.5. If u, y € K, for some A € II,, and some r > 1, then it
follows immediately from Theorem 6.4 that L does not vanish on II,
(indeed in this case 0,(A\) = 0, and then the zero free region obtained
in Theorem 6.4 is exactly the half-plane II,). We do not know if the
converse is true.

Remark 6.6. The strategy of using the Blaschke factor in order to
kill the pole of L is also successful to prove the implication (2) = (1)
in Corollary 4.5 (indeed this is the key implication to prove). For this,
we can follow and generalize the idea given in [dR07, Théoreme IIJ.
Suppose that L(sg) = 0 for some sq € II,.. Then consider

u(s) = bﬁ?(s +1r —00)ksy (s +1—00), (R(s) > 09).
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Note that u has roughly the same flavor as 1, . First we have
(oo + it)| = |07 (1 + it)|[kso e (r + it)| = |Kgo . (r + 1)1,

and t — kg, (r + it) belongs to L*(R), so u € L*(oy +iR). We claim
that
+oo

(6.3) Far(oo + ityu(og +it) dt =0
and that

+oo
(6.4) / Fron (00 + it)u(o0 1 78) dt # 0

for every A € II,,.
Let us prove (6.3). By Lemma 5.2 and Lemma 5.3, we obtain

“+o0

(6.5) Farloo + it)u(og + it) dt =
- -
_ / L+ it)p(r + it)galr + it (r + it howgy (r 1 i8) dt

and the last integral is simply

bk

—(Lpgabl'y , kso ) ey = —L(80)$(50)94(s0)07 7 (s0) = 0.
Finally let us prove (6.4). We have

+00 -
/ kk,ao (00 + it)u(Uo + it) dt = <h, kso,’l’>H2(H7-)a

e}

where h(s) = kxgy(s + 0o — 7)b'F(s). Since kr,, € H?*(Il,,), the
function s — ky ,, (s + 0o —r) belongs to H%(11,.), so h € H*(II,.). We
deduce

(hy ko) 211,y = P(s0) = kago(s0 + 00 = 7)bY7 (s0) 7 0,
because sy # 1. That concludes the proof of (6.4).

Hence, we have constructed a function u € L?(o( + ¢R) which is or-
thogonal to all functions f4, but not orthogonal to k) ,,. Therefore

kx oy & Span(f;?. A eS).

A direct calculation gives v/27ky o, = M (t*~270 X(o,1)(t)) and since M

is an isometry from L2((0, +00), -1%:=) onto L*(oq + iR), we get that

ul™
tS"Q"OX(O,I) Zspan(fa,: A€ S) =K,

which contradicts (2) and concludes the proof.
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Remark 6.7. There are 3 distances involved through this work and
[DFMR11], they are:

e The distance 6,(\) = dist(uy, K);

e The distance d,(\) = dist(t* 2 x 0.1y, K );

e The distance d%(\) := dist(t* 7270 x 0.1y, K7).
We have:

d,(\) < di(N) < Cd,(N)

for some C. The first inequality is trivial and the second one is Corol-
lary 4.4. Unfortunately, a direct comparison between §,(\) and d,.(\)
or db(\) seems to be not obvious to obtain and so we are not able to

compare directly the zero-free discs appearing in Theorem 6.4 and in
Theorem 2.1.

7. EXPLICIT APPLICATIONS

Let L(s) =), <, a,n~° be a Dirichlet series satisfying the conditions
in section 2. We make use of Proposition 6.1 (and of Remark 6.3). Let
us recall that for A = (a,c¢) € S and g < r < 1, the function fa,,
defined by

fap(t) =17 % ¢y (%) ,
j=1

belongs to L*((0,00),dt/t'=2°0). For numerical applications, we have
to estimate the norm of f4,. From the definition of ¥ in (2.2), we let

1 (u) =res (L(s)p(s)u’, s =1).

The computations in [DFMRI11, equation (4.4)] give the following up-
per bound for the norm of f4,(t) in L*((0,4+00), dt/t'=27°)

()
el = 3 e (Ialgon s + 1911
j=1
Recall that by definition (see (4.3)), we have |4, = [|¢)[| 21 00), duy-

Note that we also have the better theoretical upper bound

tl*QJO wl+2r

t(a)
||fA,r||L2((o,oo), dt )S ||¢||L2((o,oo), du )Z|cj|a§,
J=1

but it is less convenient for numerical applications. Hence, we deduce
from Proposition 6.1 and Remark 6.3 that L does not vanish in the
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disc
+{ eC ‘ Lk Ty )R}
r—0 D — ’
" : % + )\ - 20’0 0
where
O 7 = 0)B0 + 7 — o) (41— 00) T3 g} T
R =
S feila; (Il go i + 14611

In particular, for ¢(a) =1 and ¢; = oy = 1, we obtain
Proposition 7.1. With the notation above, L does not vanish on the
disc
= A
12 + X — 200

< V2R — o) R} ,

7’—00+{,LL€(C: ‘

where
. ‘L()\ +r — O'(])QB()\ +r — O'Q)bf{“(/\ +r — O'o)l
11l 20,1y, 22y + 122

wl+2r

7.1. Zero-free discs for (. We apply the proposition above to the
case of the Riemann zeta function ((s).
We choose og =0, ¢(t) = (1 —t) 7" x(o,1) With

o1 < 1/2 and max(0,07) <r < 1.

We have
=N I'(s)I'(1 — o
F(l + 5 — 0'1)
In [DFMRI11, Theorem 7.2], the following bound was obtained

s 1
11l < 5 + Clo)¢(1 +2(r — o1)),

where
1 1 €1
Clo) —
) = Y AT B =20 T o
with e1 = 1if o7 > 0 and ¢; = —1 if 0; < 0. Furthermore, in our case

1 (u) =u/(1 —o1) so
1
2 _
||¢1||L2((0,1),“1‘T2r) - (1—o1)2(2—2r)

Hence
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Theorem 7.2. The Riemann zeta function does not vanish in the disc

= A
T+ cC: =
{“ ‘M+A

< F()\,T,Oj)} y
where

F()\,T’,O'1> =

V2R ITA+ )T (1 — o)A+ r)(A+r—1)]
(C(r,al) + +> TA+r+1—o)A—71+ 1)’7

(1—o1)v2—2r

with C(r,01) = \/1/(2r) + C(o1)C(1 + 2r — 207).

This seems to be more convenient than the zero-free discs that are
given in [DFMR11, Corollary 7.4] (at least, we do not have to optimize
any more the choice of A € S%). As an example, taking A = 0.01 + 504,
r = 0.49 and 0, = 0.4 (these are the same values taken in the numerical
example in [DFMR11]), we obtain that ¢ does not vanish in the disc
of center 5 + 50¢ and radius 1.49 x 107 (remark that it is a little bit
better than in [DFMR11] in which the radius is 5.13 x 107%). Note also
that we did not optimize the choices of the parameters A, r and oy (and
indeed, the choices of the parameters are not the best in order to get
a zero-free region around % 4 50i).
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